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Abstract

We presen a theoretical and computational framework for the analysis of
data assaiated with the node set of an arbitrary graph. The algorithms
descriled here are collectedin a "™ MATLAB software padkage named the
Graph Analysis Toolbox. Our purposeis to descrike the functionality of
the Graph Analysis Toolbox and the asseiated theoretical framework in the
context of biologically inspired, space-ariant computer vision.

1 Intro duction

For various reasons,mary researbers have in the past beeninterestedin
freeingthemselesof the constrairts of a uniformly sampled,Cartesiandata
represemation for images. Motivations include a dependenceon nonuniform
sensorsfeature extraction, data reduction, or a desireto processevenin the
absenceof somesamplegor regions). Another group of researtershave been
interestedin modeling biological sensorysystemsor applying the architecture
to computer vision tasks.

Biological vision systemscortrast sharply with standard video inputs.
Although the sampling of visual spacevarieswidely betweenspeciesin both
the visual angle subtendedand the sampling arrangemen (see,for example
[72 or [39), a striking featureis that all systemsnon-uniformly samplevisual
spaceusually anisotropically, with di erent typesof receptors. A comparison
of the retinal ganglion cell density for various speciesmay be seenin Figure
1.1.

The main reasonfor employing a space-ariant architecture is to process
with dramatically lower bandwidth while retaining a high resolutionin part
of the visual scene.Howewer, the di erence in visual samplingacrossspecies
suggestghat there is a relationship betweenfeaturesof the sampling regime
and the animal's visual ecology An example of sud a relationship is the
belief that the \horizontal streak" seenin many animals (e.g., the rabbit in
Figure 1.1) is helpful to speciesthat live in open (i.e., non-occlusiwe) visual
ervironmernts [38. This belief hasbeensupported by the strong correlation
between specieswith lessocclusive visual ecologiesand those possessing
horizontal streak. Uncovering relationshipsof this nature help the engineerof
a computer vision systemdesignan architecture that is optimized to match
the design constraints for the \visual ecology" of the arti cial system. It



T

0 10mm 0 10mm 0 10mm

Guinea pig Rat Grey squirrel

Rabbit 10mm

Figure 1.1: Isodensity lines for retinal ganglion cell distribution. Reprinted
from [38], with permission.



is necessarythat a data structure exists with sampling-indegenden (i.e.,
generalized)computer vision algorithms in order for the designerto be free
to craft the visual samplingto the purposeof the system.

Traditional methods of spacevariant processinghave focusedlargely on
the mapping from a regular Cartesian grid to an alternate space[10, 6].
Therefore, the primary interest has beenon the properties of the transform
and not the necessarydata structure. The notion of a \connectivity graph”
was introduced by [7]] to addressthe question of data structure. Unfortu-
nately, the idea was not fully deweloped in the sensethat the problem of
visualization was not addressednor were many image processingalgorithms
deweloped that could operate on this structure. Finally, the structure was
not generalizedfor an arbitrary sampling and no link with algebraicgraph
theory [5] was made. More recert approadiesto space-ariant vision appear
to have abandonedthis idea (e.g., [43]). The purposeof the Graph Analysis
Toolbox is to provide a algorithms and data structures intended to facili-
tate computer vision on arbitrary visual sampling arrangemets, even if a
space-ariant sensoris unavailable.

Work on the sampling of visual spaceemployed by the upper primate
visual systemmay be divided into two sections:

1. Properties of the mapping

In addition to the considerabledata reduction, the discretizedlog-polar
transform of a Cartesiangrid hasa number of properties that make it
interesting to researbers in computer vision. Casaseh and Psaltis
[10] discovered that objects in the fovea which are scaled,rotated or
translated have a roughly invariant spectral signature. Their method
is to employ the log-polar transform of an image, apply the discrete
Fourier transform and nd the log-polar transform of the spectrum (i.e.,
a Mellin transform). This invariancemay be usedfor object recognition
(see[43 for a recert application of this idea). The drawbad to this
ideais that the properties of scaleand rotation invariance only apply
if the fovea is directed to the certer of the object. Furthermore, a
translated object against a static badground will not have the same
spectrum asa translated object againsta translated badground, which
meansthat the utilit y of this approad is limited to simple casesof an
object moving againsta uniform badkground (or uniformly translated
badkground). Another approad to exploiting the structure of the log-
polar mappingis that of Bonmassarand Scwartz [6], who dewveloped a
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specializedFourier transform called the \exponertial chirp transform”
(ECT). The ECT nds the Fourier transform of an imagein log-polar
format and usesthe structure of the logarithmic function to obtain an
algorithm that is ewven faster than what would be obtained simply by
the data reduction of an ordinary log-polar transform.

2. Image Processingin a Space-Variant Domain

The notion of a \connectivity graph” was introduced by [71] to al-
low for image processingon a foveal sensor. This notion is introduced
speci cally to treat the sampling of the macaqueretina [62]. Howeer,
standard computer vision tasks (e.g., edge nding, lItering) were not
deweloped for this structure. Neither visualization of the connectivity
graph nor how one simulates a space-ariant sensor,given accesgo an
acquisition devicebasedon a Cartesiansensorarray, is addressed.Fur-
thermore, the generalizationof the connectivity graph to other biolog-
ical samplingsthemeswas not discussed.Chen[11] useda mesh-based
represemation to perform image processing. His data structure does
not allow for an arbitrary topology (i.e., the graph must be planar and
polygonal). Furthermore, his operators are discretized cortinuum op-
erators, instead of conbinatorial operators (seebelow). Signi cantly,
Chen proposedthe use of a method from computer graphics[34] for
resamplingan imageto allow the determination of pixel valuesfor an
arbitrary sampling basedon a given, Cartesian sampled,image. Un-
fortunately, this method only appliesto resamplingsfor which the Ja-
cobian is known. For the nearly log-polar mapping known to exist in
macaque[62], this resampling works well. Howewer, the method for
resamplingdoesnot apply for most species,sincethe sampling known
to exist doesnot currertly have a mapping describingit.

The Graph Analysis Toolbox follows in the tradition of Wallace[71] and
Chen|[11] by providing methods to perform computer vision on graph-based
architectures. Howewer, since data processingon graphs appearsin other
elds sud as computer graphics [68], 3D surface attening [73] and data
clustering [40Q], we hope that this toolbox will nd a larger audience. Specif-
ically, there are three problemsthat we hope to addresswith this toolbox:

1. Importing images



Since space-ariant sensorg[60, 59] are rare, tools must be deweloped
for transferring imagedata acquiredwith a standard, Cartesiansensor
array to a desired space-ariant sampling arrangemen. We use the
phraseimp orting an image to refer to the processof transferring
image data from a Cartesian sensorarray to a space-ariant arrange-
mert. Our strategy is to extend the resamplingwork of Hedkbert [34]
by removing the requiremen that the resamplingis performed by a
known di erentiable function.

2. Visualization

Additional tools arerequiredin order to visualizespace-ariant images
on a standard raster CRT display. A Voronoi cell and interpolation
method are provided to allow visualization of image data on graphs.

3. Processing

At the coreof the Graph Analysis Toolbox are methods for performing
image processingon data asseiated with eat node in a graph. Some
of the methods represen original work, while others are collectedfrom
other researbers. The theory underpinning much of this work was
deweloped by Roth [58], Branin [7] and classicreseart in circuit theory
[41, 78].

SinceZahn's classicpaper [84], graph processingalgorithms have become
increasingly popular in the context of computer vision [83, 64, 74, 61, 53.
Typically, pixels are assaiated with the nodes of a graph and edgesare
derived from a 4- or 8-connectedlattice topology. Someauthors have also
chosento assaiate higher level featureswith nodes[61, 53. For purposesof
importing imagesto space-ariant architectures, we adopt the convertional
view that eat node correspndsto a pixel.

Graph theoretic algorithms often translate naturally to the proposed
space-ariant architecture. Unfortunately, algorithms that employ corvo-
lution (or correlation) implicitly assumea shift-invariant topology. Although
shift-invariance may be the natural topology for a lattice, a locally con-
nectedspace-ariant sensorarray (e.g.,obtained by connectingto K -nearest-
neighbors) will typically result in a shift-variant topology. Therefore, a re-
construction of computer vision algorithms for space-ariant architectures
requiresthe useof additional theory to generalizethesealgorithms.



Data acquired from sensorsmay be viewed as samplesof an exterior,
cortinuousworld, which must be analyzedfrom the limited information given
by the samples. An alternate approad is to view the sensordata itself as
the object about which conclusionsmust be drawn. For reasonsthat will
becomeclear below, the former view of sensordata will be referredto asthe
sampling paradigm and the secondasthe combinatorial paradigm .

The di erence between these paradigms may appear to be purely aca-
demic, sincethe primary output of many computer vision tasks (e.g., face
detection) makes no commert on whether the result pertains to the pixels
or the \real-world". Howewer, some algorithms do operate under an im-
plicit paradigm. For example, shape analysis[44, 85| typically adopts the
approad of the sampling paradigm, while morphological analysis [65] em-
ploys the combinatorial paradigm. One practical di erence betweenthese
two approadies is that algorithms deweloped to output statemers about
the continuous world should improve performance with increasingsamples,
while algorithms deweloped to output statemerts about the pixels should de-
crease performance due to the increasedprocessingrequired. The di erence
betweenthesetwo approatesis ampli ed when the sensorarrangemen is
space-ariant, sincethe samplingtheory is not aswell developed for nonuni-
form sampleg[7(], despitethe fact that someauthors have adoptedthe sam-
pling viewpoint [6]. Furthermore, sincea typical motivation for employing
a space-ariant architecture is the ability to employ a small number of pix-
els (while maintaining a high peak resolution), algorithms deweloped in the
sampling paradigm are expected to decreaseaccuracy while conbinatorial
algorithms are expectedto signi cantly increasein speed. For thesereasons,
the algorithms collectedand deweloped for this toolbox adopt the conbinato-
rial paradigm. Speci cally, we approad the conbinatorial paradigmthrough
combinatorial analogsof vector calculus, since operators sud as the gradi-
ernt [57] and Laplacian [45] play sudh a prominert role in computer vision.
The mathematical foundation for this viewpoint will be reviewed in the next
section.

First we will introduce the basic mathematics and notation usedin this
paper for dewvelopingand applying combinatorial algorithms. A discussionof
the data structures and implemertational approad to theseissueswill then
be addressed.The remainder of this paper describes and demonstratesthe
varioustools for importing, visualizing and processingdata on graphs.



2 Mathematical background

Most of the early work on the algebraicproperties of graphswasdonein the
context of linear circuit theory. This sectionis essetially a short review of
Branin's exposition on the algebraic-toplogical basis for analogy between
graphsand vector calculus([7].

A graph is a pair G = (V;E) with vertices (nodes)v 2 V and edges
e2 E V V. An edge,e spanningtwo vertices,v; andv;, is denotedby
gj. Let n = jVjand m = JEj wherej | denotescardinality. A weighted
graph has a value (typically nonnegative and real) assignedto eat edge
called a weight. The weight of edgee; , is denotedby w(e;) or w; . Since
weighted graphs are more generalthan unweighted graphs (i.e., w(e;) = 1
for all e 2 E in the unweighted case), we will dewelop all our results for
weighted graphs. De ne the degree of a vertex v;, denotedd;, as

X
d= w() 8¢ 2E: (2.1)

€ij

A graph may be de ned from a linear electrical circuit by identifying
the wire betweencircuit componerts with the node set, and the componerts
bridging nodes (i.e., branches) as the edge set with weights equal to the
admittance of ead componert (or the conductance,in the caseof resistors).
In this way, ewery linear circuit hasan equivalert graph and vice versa The
explicit connectionbetweencircuits, graphsand algebraictopologywasmade
in Roth's fundamertal paper[5§. Roth shovedthat Kirchho 's Current Law
correspndsto a homology sequencean topology, while Kirchho 's Voltage
Law corresppndsto a cohomologysequenceRoth then proposedOhm's Law
as a bridge betweenthe sequencesLargely adopting the notation of Strang
[66], we may write the fundamertal equations of circuit theory in matrix
form.

De ne the m n edge-node incidence matrix as

8
2+1 ifi=k;

Ag v = S 1 ifj =k (2.2)
"0 otherwise

for every vertex v, and edgee; , wheree; has beenarbitrarily assignedan
orientation. The notation Ae vy is usedto indicate that the rows of A are
indexedby edgeeg; and the columnsof A are indexedby node vy.
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De ne the m m constitutiv e matrix , C, asthe diagonalmatrix with
the weights of ead edgealong the diagonal.
The three main laws governing circuit theory may be written as

ATy = f (Kirchho 's Current Law); (2.3)
Cp=y (Ohm's Law); (2.4)
p= AX (Kirchho 's Voltage Law); (2.5)

where f represems current sourcesat the nodes, p is the potential drop
(voltage) acrossa brandh, x is the potential at a node and y is the currert
through a branch.

By viewing the incidence matrix as a linear operator, it may be seen
that application of that operator to a set of numbers assignedto eat node
inducesa related set of numbers on the edges. Kirchho 's Voltage Law is
an exampleof this operation, in which electric potentials at ead node are
converted to voltagesacrossedgesby application of the incidencematrix. In
a similar manner, the application of the operator AT to a set of numbers
on the edgeset of a graph induces a related set of values de ned on the
node set. Kirchho 's Current Law is an exampleof this operation, sincethe
application of AT to the currents through ead branah yields the valuesof the
current sourcesat ead node. Application of C may be viewed as bridging
the voltagesand currents de ned on ead edge.

When an edgeis addedto a tree, the unique closedpath so formed is
calledaloop. The setof loops, Q, formed by the addition of edgesto a tree
consistsof elemerts, g, sud that g 2 Q. Note that jQj = JEj jVj+ 1
(a variation of the Euler formula), sincethe number of edgesin a tree of a
connectedgraphisjVj 1[5]. De ne the loop-edge incidence matrix
8
2 +1 if g is crossedpositively in a clockwise traversal of o;

S 1 if g is crossednegatively in a clockwise traversal of ¢;

"0 otherwise

Kmkeij =

(2.6)
Similar to the edge-nale incidencematrix, the application of the loop-edge
incidencematrix to a set of numbers de ned on the edgesreturns a related
set of valuesde ned on ead loop.
Branin [7]identi ed the A, AT andK operatorswith the familiar gradiert,
divergenceand curl operators from vector calculus. This analogy holds for
familiar idertities such asK A = 0 (i.e., the curl of the gradiert is zero) and
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Operator | Vector calculus| Combinatorial
Gradiert r A
Divergence r AT

Curl ror K
Laplacian rr ATA
Beltrami rcr ATCA

Table 2.1: Correspndencebetween cortinuum di erential operators and
conbinatorial di erential operators on graphs. C represefs a constitutive
matrix relating ux to ow, e.g.,a conductivity tensor, a di usion tensor,a
thermal conductivity, a stress-straintensor, or, in the cortext of di erential
geometry a metric tensor. A is the edge-nale incidencematrix of the graph
represeting the topology of the problem and K is the loop-edgeincidence
matrix of the graph.

allows de nition of other operators, such asthe Laplacian , L = ATA. The
generalizationof the Laplaceoperator to the Laplace-Beltramioperator [79
ts well with this analogy whereL = ATCA. Sincethe constitutive matrix
de nes a weighted inner product of edgevalues(i.e., hy; Cyi for a vector of
edgevalues,y), it may be consideredasrepreseting metric information. As
a matrix, the Laplacian may be derived directly from knowledgeof V and E
by letting

8
2 d; ifi=j;

Ly, = S w(ej) ife 2 E; (2.7)
"0 otherwise

The notation L.,y is usedto indicate that the matrix L is beingindexedby
verticesv; and v;. This matrix is also known as the admittance matrix in
circuit theory, and a good review of the properties of this matrix is givenin
[47]. More than onerepresemation of the combinatorial Laplacian operator
has been deweloped, depending on the choice of metric and normalization
[24, 25, 48, 13]. Howewer, unlessotherwise noted, the above formulation
will be referredto asthe Laplacian. A summary of the analogiesbetween
operators in vector calculus and graph theory is given in Table 2.1, while
additional relationshipsare listed in Table 2.2.

There is both a conceptual and practical di erence betweenthe graph



Equation Continuum | Combinatorial

KVL rv==Et AX = p

_ d _
KCL r J=5% ATy = f
Ohm's Law E=1 Cp=y

LAY

Dirichlet Integral | 2 jr uj?d IXTATCAX

Table 2.2: Correspndencebetween cortinuum di erential equations and
combinatorial di erential equationson graphs. Kirchho 's currert law is a
quasi- statlc( = 0) appraximation to Maxwell's Equation r E = %
Kirchho 's voltage law follows from the de nition of electric eld as the
gradiert of potential. Ohm's Law is a constitutive (phenomenological)law
assertinga presumedlinear dependencebetweenvoltage and currert.

theoretic analogof a conceptfrom mathematical physicsand a discretization
of the standard cortinuum represemation of that sameconcept. Consider
solving Poisson'sequation [20] on a cortinuous domain with a digital com-
puter (e.g.,through useof nite elemens). The objective of sud a solution
would be that the valuesassumedat any point in the domain could be de-
termined, not just those points usedin the calculation. In cortrast, solving
Poisson'sequation on a graph, Lx = f, returns valuesonly for the node
set Furthermore, the number of nodes and the graph topology (i.e., edge
set) directly a ects the solution to Poisson'sequation. In cortrast, a major
designgoal of a discretization procedureis that the solution for points in the
domain are invariant to changesin the meshing.

Conceptually, one can understandthe di erence betweensolving for the
charge distribution at the nodesof a planar electrical circuit given initially
chargedcapacitors(i.e., the combinatorial di usion equation[54]), and solv-
ing for the valuestaken at discrete samplesof a planar conductive material
with an initial heat distribution (i.e., the discretized cortinuous di usion
equation). Therefore, the solution of a cortinuous problem by useof a dig-
ital computer is referredto here as a discrete approad, while the solution
of a problem using the graph-theoretic analogiesshavn above is referredto
asa combinatorial approad.

All functions in this toolbox operate under the graph-theoretic, conmbi-
natorial paradigm. By this we meanthat the operators we are concerned
with are represeted by matricesand the quartities of interestare de ned by
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vectorsassaiating valuesto nodes,edgesor meshes.Typically, the valuesas-
scaciated with nodesareimagevalues(e.g., grayscale,RGB color channels)or
coordinate values,while thoseassiated with edgesand loopsare dependen
on the nodal values(e.g., the result of applying the gradiert operator).

2.1 Adjacency matrix

Another fundamertal matrix in graph theory isthe n  n adjacencymatrix
de ned as
w(e;) ife 2E;

W,., =
vivi 0 otherwise

(2.8)
The adjacencymatrix has also appearedin applications (e.g., [53)), and its
spectral properties have beenthoroughly analyzed[2Z2]. By noting that the
adjacencymatrix, Laplacianmatrix and edge-nale incidencematrix all com-
pletely specify the topology of a graph, it is not surprisingthat thesematrices
arerelated. Speci cally, it iswellknown [5]that D W = L = ATCA, where
D is the diagonalmatrix with D; = d;.

2.2 Indicator vectors

Another important type of valuesassiated with nodes,edgesand loopsis
an indicator vector. Indicator vectors are usedto indicate menbership
of a node, edgeor loop in a set. A common goal [55, 64]is to determine
which componerts of a graph belongto a set (e.g., which pixels belongto a
segmet), and thereforethe indicator vector represeis the solution. Another
important useof an indicator vector is to perform set operations(e.g., union,
intersection) or determine properties of the set (e.g., cardinality, boundary
nodes). We dewelop this sectionin the cortext of a nodal indicator vector.
Indicator vectorson the setof edgesor loopsfollow an identical developmert.
For a setof nodes,S V an indicator column vector, x, may be de ned as

X = 0 !f Vi 2 S; (2.9)
1 ifyy 2 S:

For two sets,S; and S,, with correspnding indicator vectorsx; and X5,
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the usual set operations may be performedwith

jS1j = X1 X1 (Set cardinality); (2.10)
S\ S, = x4 Xo (Set intersection); (2.11)
Si[ Ss=X1_ Xz (Set union); (2.12)

where”™ and _ denotethe logical (binary) \and", \or" operations.

The matricesW and L may be usedto determine useful properties of a
vertex set, S, through operationswith its indicator vector, x, in the following
manner

1 X o
éxTWx = w(e;) (Sum of the weights internal to S);
€jj ;vi>2(S;vj 2S
xTLx = w(e;j) (Sum of the weights on the boundary of S);
gj vi2Sv; 2S

whereS indicatesthe set complemen of S.

3 Implemen tation

We choseto implemert the toolbox in ™ MATLAB for seweral reasons:

1. Numerical linear algeba is at the coreof the combinatorial approad to
space-ariant vision outlined above. Since™ MATLAB iswell equipped
with a numerical linear algebrapadkage and a sparsematrix padkage
[30], ™M MATLAB is a natural environment for the toolbox.

2. Rapid prototyping of new algorithms is facilitated by the extensiwe set
of tools available in "™ MATLAB. Sincethis toolbox is intended for a
researt audience,the ability to rapidly prototype new algorithms is
essetial.

3. Visualization of space-ariant imagesassaiated with graphsis a major
designobjective of the Graph Analysis Toolbox. ™ MATLAB provides
an excellen ability to visualize data.

However, ™ MATLAB also has se\eral drawbads:
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1. MMATLAB is proprietary and licensesfor the standard padkage and
additional toolboxes may cost hundredsto thousandsof dollars. This
fact limits the accessibiliyy of the Graph Analysis Toolbox.

2. Spead of computationin ™ MATLAB canbe very slow for certain types
of operations (e.g., code loops). Although it is possibleto use the
MEX padkageto speedup someof this computation, the portability
of the code su ers. Fortunately for the Graph Analysis Toolbox, the
numerical linear algebrapadagein ™ MATLAB is relatively fast.

A full listing of the functions in the Graph Analysis Toolbox is given
in Appendix A and a list of demosis given in Appendix B. For reasonsof
consistency easeof readability and agreemen with publications, the same
variable nameswere usedto refer to the samevariablesacrossfunctions and
demos. A listing of standardizedvariable namesusedin the Graph Analysis
Toolbox is given by Appendix C.

4 Data structures

There are di erent ways of represeting a graph on a computer (e.g., lists,
matrices). The choice of represemation is often dependen on the particular
application. The guiding principle in de ning data structures for the Graph
Analysis Toolbox is that functions should exist for switching betweendi er-
ernt represemations and that information which may not be bound together
should not be forced together (e.g., in a struct ). Since ™ MATLAB uses
a pass-ly-value system, this latter principle is especially important. Conse-
qguertly, thereis no all-purposestruct that cortains all possibleinformation
about a graph. A full listing of standardized variable namesis given in
Appendix C.

4.1 Topological information

The most fundamertal description of a graph is the topology, since none
of the matrix represemations may be de ned without it. The most space
e cien t represemation of the graph topology is given by a list, edges that
contains pairs of integersindicating nodesjoined by an edge. Howevwer, the
matricesA, L and W may be generatedfrom the edgelist with the functions
incidence.m , laplacian.m and adjacency.m, respectively. The function
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adjtoedges.m allows cornversionfrom a adjacencymatrix represetation of
topology to an edgeset.

4.2 Nodal information

Numbers assaiated with nodes in the Graph Analysis Toolbox typically
have two separatemeanings: coordinates and image values. Aside from the
semartics, there is no di erence in the way in which these values may be
represeted or processed.Howewer, sinceone may be interestedin keeping
notation of these quartities separate,two di erent N-dimensionallists are
kept to refer to these quartities. The list called points refersto coordi-
nate values,while the list vals typically refersto image values(e.g., RGB,

grayscale).

4.3 Structs

Two quartities are kept in ™ MATLAB structs , since their componernt
valuesare never usedseparately The information necessaryto perform im-
porting of agraphis keptin astruct calledimgGraph Voronoivisualization
information (seebelow) is kept in a struct called voronoiStruct

5 Generating graphs

When building a graph from a sensorarray (or simulated sensorarray),
it is commonto assignthe value of ead sensorto a node. Howewer, the
choice of connectivity (i.e., edge set) is much lessclear. Typically, one
wants the nodesto be locally connected. Two functions are provided for
locally connectinga point setin arbitrary dimensions,knn.m and triangu-
latepoints.m . An N-dimensionalDelaunay triangulation is implemerted by
triangulatepoints.m  and K -nearest-neigbors is implemerted by knn.m
For 2-dimensionalpoints, triangulatepoints.m  calls the MEX version of
Shewhuck's triangle.c  [63], if installed. Recen interest in the use of
\small-world" networks [76, 77, 67] prompts inclusion of the function ad-
drandedges.mto randomly add a speci ed number of edgesto the graph.
The e ect of usingaddrandedges.mis to dramatically decreasehe diameter
of the graph [76] while only minimally increasingthe number of edges.
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Due to the prominenceof the Cartesian lattice in traditional computer
vision, the function lattice.m generates lattice with three di erent topolo-
gies: 4-connected 8-connectedor a radially connectedtopology (as in [64)).

The useof a multi-scale image represetation to enhanceimage analysis
algorithms hasa long history dating bad to Burt [9] and Witkin [80]. Typi-
cally [82 12, 1, 17,51], amulti-resolution represetation is employed both for
speedand robustnessagainstnoiseby performingthe analysisat the coarsest
level and projecting the solution bad to the original image. Multiresolution
approahesto generalgraphs have also been proposed[4, 28]. The Graph
Analysis Toolbox includes one function latticepyramid.m that draws on
this literature by returning a pyramid-shaped graph with 3-dimensionalco-
ordinates, sud that ewvery node at a higher level is connectedto four (non-
overlapping) nodes on the lower level. Although the pyramid graph is re-
turned asa unit (i.e., a single node and edgeset), an index is alsoreturned
indicating the level of ead node and a list of its four children on the lower
level. Someof the graphsdescriked in this section are displayed in Figure
5.2.

Finally, the function roach.m generatesthe \roach" graph of Guattery
and Miller [33] for purposesof testing.

5.1 Biological datasets

Included in the extended(demo) releaseof the Graph Analysis Toolbox is a
precomputed(i.e., savedin .mat les) setof Iters correspndingto the visual
samplingassaiated with 22 di erent species.Following the retinal diagrams
in [38] of ganglion cell isodensity lines (seeFigure 1.1), topographical maps
of other specieshave beenpublished. Speci cally, we have included node sets
(and lters) correspndingto the visual sampling(as determinedby ganglion
cell courts) for baboon [79], beagle[52], bottlenosed dolphin [4€], cat [37],
cheetah[38], cow [38], deep-seabass[19], deer[38], German shepherd[57],
harlequin tusk sh [16], labrador [3§], pig [38], pigeon[79], plains kangara
[36], rabbit [35], sacredking sher [50], tree kangara [36], two-toed sloth [1§],
squirrel [38], wolf [52] and yellow- nned trevally [14]. A sampling re ecting
the macaqueretina is also provided by using the retinotopic function w =
log(z + a) of Schwartz [62]. Generating sampling points accordingto this
distribution is accomplishedby the function logz.m.

Graphs were generatedfrom topographic mapshby interpolating the con-
tours acrossthe externt of the topographicimage, treating this interpolation
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Figure 5.2: Examplesof the structured graphs (i.e., node coordinates and
edge sets) generatedby functions in the Graph Analysis Toolbox. (a) A
4-connectedlattice. (b) An 8-connectedlattice. (c) A radially connected
lattice. (d) A 4-connectedsmall world" lattice. (e) A attened 4-connected
pyramid lattice. (f) A K -nearest-neighorsgraphwith arandomly generated
set of coordinates.
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as a probability density function (PDF), sampling a predeterminednumber

of points and scaling the coordinates of the points to t the desiredinput

imagesize. In the caseof the precomputed lters included with the Demos
padkage,the desiredinput imagesizewas256 256 (65;536 pixels) and the

number of sampleswas 6; 400, resulting in lessthan an order of magnitude
fewer pixels than in the original image. The function contour2graph.m ac-
ceptscortour imageswherethe badkground is white, the cortours are shades
of gray proportional to the valuesof the isodensity lines and the blind spot

(or pecten,in the caseof Aves)is coloredred and returns an interpolated

image (i.e., the PDF) by solving the correspnding Dirichlet problem (see
below). Sampling points from the PDF is accomplishedwith the function

pdf2graph.m. The processof corverting a contour to a graph is shown in

Figure 5.3. For purposesof comparison,Appendix D illustrates the PDFs of

all the speciesincluded in the Graph Analysis Toolbox.

6 Imp orting images

The problem of importing an image is to transfer an image taken with a
convertional lattice sensorarray to a space-ariant graph (usually with many
lessnodesthan pixels in the original) with minimal aliasing. The approadt
proposedby Chen[11] wasto treat the problem of importing asa resampling
problem by calculating appropriate Iters [34] to apply to a neighborhood
of pixels in the original image in order to output a value for ead node.
The method of Hedbert [34] for de ning Iters requiresthe de nition of a
di erential resamplingfunction that inputs points in the original sampling
and outputs points in the new sampling. This formulation was su cien t for
Chen, since he was using the w = log(z + a) formulation of the mapping
given by Sdwartz [62] to model macaqueretinotopy. Howewer, we would
like to make useof the visual sampling strategiesof other species,for which
no retinotopic function is known.

Sincespace-ariant sampling arrangemeits typically have someareasof
high acuity and someareasof low acuity, they require an active vision system
to allow the high acuity regionsto sampledi erent regionsof a visual scene.
By analogywith the high acuity foveal pit found in most vertebrate vision
systems,we referto the region of highestacuity asthe fovea and the process
of addressingthe high acuity areato a region of an imageasfoveation . In
order to simulate the active vision aspectsof a space-ariant visual sampling
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Figure 5.3: Demonstration of conversion from a retinal topography to a
graph. The example chosen here is basedon the retinal topography of
the cheetah [38]. (a) Isodensity cortours of the cheetah retinal topogra-
phy. Darker contours represem a lower ganglion cell density, while lighter
contours represemn a higher ganglion cell density. The blind spot is shovn
in black for publication, although the function contour2graph.m requires
it to be coloredred. (b) The interpolated and normalized probability den-
sity function determined from the contours (seetext for details). Darker
areascorrespnd to areasof greater probability. (c) The graph obtained by
sampling 6; 400 nodes from the distribution in (b) and connectingwith a
Delaungy triangulation. Note that the foveais not at the certer of the image
(i.e., the cortours are taken from the left eye).
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regime, we would like to be able to specify a point in a large image for the
systemto xate on. Therefore, a further design criteria for an importing
procedureis that we want the importing procedureto be relative to its own
internal coordinate systemthat may be \aimed" at di erent areasof a large
image. Our method for accomplishingthis is to give the nodes coordinates
sud that the foveais at the origin and ead unit represeis one pixel in a
standardrasterimage. The advantage of this designis that the Iters may be
precomputedfor a graph relative to the origin and simply shifted to di erent
areasof the image, resulting in fast on-line importation. The drawbad to
this designis that the extent of the \visual eld" must be xed prior to
computing the lters.

Hedbert's Elliptical Weighted Average lters are ellipsescomputed for
eat new samplesud that the axesof the ellipselay along the eigervectors
of the Jacobianmatrix and the weights for ead point in the ellipseare given
by an elliptical Gaussianfunction. In other words, the image value assigned
to ead resampledpoint is the weighted sum of image valueson the original
points lying within the computed ellipse. Our approat to computing the
ellipsesfor the resampledpoints is to perform a least-squarest of an ellipse
to the Voronoi cell of eadh node and compute Gaussianweights. The ellipses
computedfor a small randomly generatedset of Gaussiandistributed points
in the plane are seenin Figure 6.4.

The lters for apoint setarestoredin a™ MATLAB struct namedimg-
Graph An imgGraphhasthree elds: pntMap breakpoints andfiltWeights
In order for the importation of imagesto be fastin ™ MATLAB the three
elds are usedto avoid code loops. The breakpoints eld contains a list
of indices to pntMap and filtWeights  that indicate the start and end of
a block of pixels or weights correspnding to ead new node. The pntMap
eld is a set of two vectorsconaining the x- and y-coordinatesfor the nodes
correspnding to those pixels that lie within the ellipsefor eat point. The
fitWeights  eld cortains the weight to be appliedto ead pixel in pntMap
Therefore,the sizeof breakpoints is the sameasthe cardinality of the node
set, while the sizeof pntMapand filtWeights  are larger than the node set
(since more than one pixel typically mapsto ead node), but equalto eah
other. Figure 6.5demonstratesthe importing of animageonto a setof nodes
that wererandomly distributed in the planewith a uniform probability. Fig-
ure 6.6 demonstratesthe simulated active vision systemby importing a large
imageat multiple xation points.
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Figure 6.4: Voronoi cells for a point set and the correspnding ellipses t
with least squareserror usedto generatethe Elliptical Weighted Average
Iters of Hedkbert [34].

7 Visualization

Visualization of arbitrary, nonuniformly 2D sampleddata is a di cult issue.
Typical \stic k-and-ball" represemations of graphspoorly corvey the content
of animageassaiated with the nodes. Two methods have beenimplemerted
for visualizing an imageon an arbitrary architecture.

The rst of thesemethods interpolatesimagevaluesat a node acrossthe
faces of a graph. If the graph is planar, the interior faceswill be polygons,
with imagedata at ead point on the polygon. If the graph is nonplanar, a
Delaungy triangulation of the points may be found quickly for purposesof the
visualization. Howewer, it shouldbe noted that not all graphswill have faces
that produce a good image (e.g., if the nodes were collinear). A common
\shading" technique from computer graphicsis to perform a bilinear inter-
polation acrossvertices(i.e., Gourand shading). Applying this technique to
the internal facesprovidesa smooth changeacrossthe image. Unfortunately,
the polygonalfacescanintroduceartifacts into the visualization that degrade
the quality. The function showmesh.ngeneratesa display in this manner.

A secondvisualization method is implemerted in the Graph Analysis
Toolbox that usesthe Voronoi diagram of the vertex set. This technique
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Figure 6.5: Demonstration of importing an image onto a set of points dis-
tributed randomly in the plane with a uniform distribution. Note that the
resolution of the sampling is almost two orders of magnitude smaller than
the resolution of the original. (a) Nodesrandomly placedin the plane with
a uniform distribution. (b) Voronoi cells for the node set upon which the
Iters were generated. (c) The original raster image: ESLab0043.jpg (d)
The imageimported onto the node set.
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Figure 6.6: Demonstration of importing a large image onto a smaller graph
at di erent points (i.e., multiple xation points). The examplechosenhere
is basedon the retinal topography of the pigeon[79. (a) Original image:
ESLab0043.jpg The two xation points are marked with a white ~ ' and
a white "+'. (b) The graph correspnding to the retinal topography of the
pigeon. (c) Result of importing the imagein (a) at the point marked with
a white © . (d) Result of importing the imagein (a) at the point marked
with a white "+'.
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simply assignsead Voronoi cell the color (or grayscalevalue) of its corre-
sponding vertex. The visualization bene ts from its independenceof the
planar and internal facesrequiremerts of the previoustechnique. Howewer,
the visualization can sometimeslook blocky. Furthermore, sincethe bound-
ary nodeshave Voronoi cellsthat extendto in nit y, a denseset of phantom
nodesis usedto make nite, appropriately sizedcellsfor the boundary nodes.
The Voronoiinformation for a graphis storedin a ™ MATLAB struct called
voronoiStruct . A voronoiStruct is producedfrom a node setby the func-
tion voronoicells.m and consistsof the three elds pts, faces and index.
The eld voronoiStruct.pts  corntains coordinates for the vertices of the
Voronoi cells for the node set. Facesintended for useby patch.m are con-
tainedin voronoiStruct.faces  andanindex referencingnodeswith Voronoi
cellscortained inside the corvex hull is given by voronoiStruct.index

The two visualization techniquesareillustrated in Figure 7.7 for agrayscale
image. Despitethe smaothnessgiven by the faceinterpolation method of vi-
sualization, the Voronoi cells method o ers a better notion of the structure
of the imagedistribution on the nodes,and we therefore preferit for visual-
ization of space-ariant imagesin the remainderof this documert, aswell as
in the space-ariant examplesshovn above.

It is important to distinguish betweensamplingaliasing and visual alias-
ing. Samplingaliasingrefersto the inadequacyof the local sampling density
to satisfy the image frequency(as detailed above). On the cortrary, visual
aliasing refersto the displeasingvisual artifacts induced as a result of the
visualization technique. Sampling aliasing is minimized by the precomputa-
tion of Hedkbert's resampling lters. Visual aliasing, howewer, dependson
the visualization method employed and in no way re ects an inadequacyof
the data obtained nor its internal represermation.

8 Pro cessing

Processingdata on graphsis a recurring theme that extendsbeyond space-
variant vision systems. There are four main typesof processingmplemerted
in the Graph Analysis Toolbox: Interpolation, ltering, edge nding and
segmetration.

Isotropic and anisotropic versionsof all the processingmethods exist in
the sensethat the edgeweights all take unity value in the isotropic case
and the weights assumedi erent valuesin the isotropic case. For example,
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Figure 7.7: Comparisonof the two visualization techniquesimplemerted in

the Graph Analysis Toolbox. (a) Original image: ESLab0043.jpg. (b) The

graphcorresmpndingto the retinal topograpty of the plains kangarao [36]. (C)

Visualization of the space-ariant image performed by interpolating across
the Delaungy triangles of the graph implemerted in showmesh.m(d) Visual-

ization of the space-ariant imageperformedby assigninga uniform grayscale
value to the Voronoi cells of the node set, implemerted in showvoronoi.m.
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use of uniform or nonuniform weights in building the Laplacian matrix is
the di erence between the isotropic di usion of Koenderink [42] and the
anisotropic di usion of Peronaand Malik [54]. Therefore, the theme is to
encale data information (e.g., intensity changesfor images,distancesfor a
point set) in the structure of edgeweights, and then build the operator in
accordancewith the weights. This procedureprovidesthe di erence between
isotropic or anisotropic di usion, interpolation, Itering and edge nding, as
well as a ording the structure necessaryfor somesegmetation algorithms
(e.g., [64).

The functions usedto build the important matrix operators listed above
areincidence.m , laplacian.m andadjacency.m. The function incidence.m
generateghe edge-nale incidencematrix, laplacian.m generateghe Lapla-
cian matrix and adjacency.m generatesthe adjacencymatrix. In order to
allow the userto choosebetweenisotropic and anisotropic operators, all of
the operator generatingfunctions allow speci cation of edgeweighs in order
to produce anisotropic operators, but default to generatingisotropic opera-
tors if weights are not speci ed.

The important task of generatinga weight setis handledby the function
makeweights.m De ne the vector of data changes,c;, as the Euclidean
distance betweenthe elds (e.g., coordinates, image RGB channels,image
grayscale,etc.) on nodesv; and v;. For example,if we represem grayscale
intensities de ned on ead node with vector b, then c= Ab. If the elds are
nodal coordinatesin the plane, then c represeis the Euclidean distancein
the plane. In order to make one choice of applicable to a wide range of
data sets,we have found it helpful to normalize the vector c.

Although we typically treat coordinates as any other data eld (e.g.,to
Iter, interpolate, etc.), in the cortext of space-ariant vision we may want
to treat spatial di erences betweenthe nodesseparatelyfrom image-derived
di erences. Therefore, makeweights.moptionally acceptsboth data values
and coordinate valuesfor the node set and generatesa correspnding (nor-
malized and histogram equalized)c! and ¢ for data and coordinate values,
respectively. Accordingly, assaiated with the data and coordinatesis a sep-
arate parameter, ! and 2 we call scale. Setting either parameterto zero
nullies the e ects of the correspnding data or coordinates. A common
weighting function is implemerted in makeweights.m de ned by

wy =exp j ¢+ ¢ (8.1)
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8.1 Interp olation

The method of interpolation implemerted in the Graph Analysis Toolbox is
to solve the conbinatorial Laplace equation with Dirichlet boundary condi-
tions given by the known values[31]. A solutionto the conbinatorial Laplace
equation has se\eral desirableproperties in the cortext of an interpolation
method (seebelow). Both isotropic and anisotropicinterpolation are handled
similarly. Furthermore, useof the algorithm is independert of the dimension
in which a graph is embedded.

Solving the Laplaceequationin orderto \ ll-in" missingvalueshasbeen
descritedin the context of digital elevation models[8, 81], imageediting [27],
and is even usedby the ™ MATLAB function roifil.Lm  to Il in regionsof
missingdata in images.

Solutionsto the Laplaceequationwith speci ed boundary conditions are
harmonic functions, by de nition. Finding a harmonicfunction that satis es
the boundary conditions may be viewed as a method for nding valueson
the interior of the volume that interpolate betweenthe boundary valuesin
the \smoothest" possiblefashion[21]. In this section,we discussthe proper-
ties of harmonic functions that make them useful for interpolation, de ning
smoothnessin terms of extremal solutionsto the Dirichlet integral.

From a physical standpoint, one may think of a heat sourcewith a xed
temperature at the certer of a copper plate and a secondheat sourcewith
xed temperature on the boundary of the copper plate. The temperature
valuestaken by the plate at ewvery point are those assumedby a harmonic
function subject to the internal and external boundariesimposedby the heat
sources.In this analogy the temperaturesmeasuredon the inside of the cop-
per plate may be viewed as smaothly interpolated betweenthe temperature
on the internal heat sourceand the external heat source. The internal and
external heat sourcesare consideredto be boundary points, while points on
the copper plate for which temperature valuesare found are interior points.
Three characteristics of harmonic functions are attractiv e qualities for gen-
erating a \smooth" interpolation:

1. The mean value theorem states that the value at ead point in the
interior (i.e., not aboundary point) is the averagevalue of its neighbors

2].

2. The maximum principle follows from the meanvaluetheorem. It states
that harmonicfunctions may not take valueson interior points that are
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Figure 8.8: Interpolation of imagedata on a space-ariant graph from which
a hole has been cut out. (a) A space-ariant graph patterned after the
retinotopic map of the macaque[62. (b) The Lenaimage imported onto
the graph. (c) Space-ariant image with a hole arbitrarily cut out of it.
Underlying graph structure is shavn inside the hole. (d) Foveal image with
isotropically interpolated data in the hole.
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Figure 8.9: Anisotropic interpolation of image data on the macaque-based
graph where the sameregion asin Figure 8.8 has beenremoved. Weights
were determinedusing ! = 30 (seetext for details).

greater (or less)than the valuestaken on the boundary [2].

3. The Dirichlet integral is minimized by harmonic functions [19]. This
meansthat the integral of the gradiert magnitudesfor the systemwill
be minimized, subject to xed boundary conditions.

The function dirichletboundary.m inputs an index of boundary nodes
and their valuesand solvesthe combinatorial Dirichlet problem for a graph
with arbitrary connectivity, producing a conbinatorial harmonic function.
An exampleof using dirichletboundary.m to perform isotropic interpola-
tion on a space-ariant image with a region of missing valuesis displayed
in Figure 8.8. By generatingweighs correspnding to the imageintensities,
anisotropic interpolation may also be usedto nd the missingvaluesin a
region, as displayed in Figure 8.9.

Graph drawing is another task in which dirichletboundary.m s useful.
By treating the extremal nodes as boundary nodes, the coordinates of the
interior nodesmay be interpolated in order to produce a more regular rep-
resertation in the sensethat ead interior node is placedat the averageof
its neighbors (by the meanvalue theorem). This usageof dirichletbound-
ary.m is displayedin Figure 8.10.
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Figure 8.10: An exampleof using the interpolation method for graph draw-
ing. (&) A graph wascreatedby randomly generatingthe coordinateswith a
uniform distribution and connectingthe points with a 2D Delaunay triangu-
lation. The bladk dots represem the extremal points chosento represen the
boundary (i.e., to have their coordinates xed). (b) The graph generatedby
interpolating the coordinates of the interior nodes.
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9 Filtering

In the context of surfacefairing, Taubin has already taken a combinatorial
approad to Itering on a graph [68, 69. Taubin treats the coordinates of
a vertex set of a 3D meshas a signal for which low-pass Iters may be de-
signedin order to smooth a noisy surface. The signal processingtreatment
in Taubin's work follows standard signal processingapproades, exceptthat
Taubin wants to apply the sametechniquesto a shift-variant topology. Gen-
erally the eigenfunctionsof the Laplacian operator de ne the surfaceharmon-
ics [20). In the combinatorial setting, the Laplacian operator is represeted
by the Laplacian matrix, although Taubin choosesa di erent combinatorial
represemation of the Laplacian operator than the de nition givenin (2.7).
For shift-invariant topologies,the Laplacian matrix is circulant and the com-
plex exponertial basisvectors (functions) are the eigervectors[66]. In the
general caseof a shift-variant topology, the Laplacian is not circulant, re-
quiring a di erent setof (usually unknown) eigervectorsin order to perform
signal Itering. Taubin's method of ltering circumverts the needto com-
pute the eigervectors explicitly in order to modify the spectral coe cien ts
of an input signal (e.g., the coordinates of a graph or an imageon a graph).
The function filtergraph.m  implemerts Taubin's Itering technique
as well as standard mean ltering. Both the mean Iter and the I-

ter are low-pass lters. Howewer, a high pass Iter may be generatedby
subtracting the low-pass ltered signal from the original. A band-pass I-

ter may be generatedby using the di erence of two low-pass lters. Figure
9.11 demonstratesimage Itering and Figure 9.12 demonstratescoordinate
ltering.

The spectrum of the Laplacian matrix has beenthoroughly investigated
[49 13 47, 3, 29. It is well known that the eigervaluesof the Laplacian
matrix are nonnegative and orderedsud that the smallesteigervalue corre-
spondsto the lowest frequencyharmonic (i.e., the DC componern) and the
largesteigervalue correspndsto the highestfrequencyharmonic. This view
of the spectral characteristics of the Laplacian matrix predicts its useasan
edgedetector since,as an operator, it will clearly have the e ect of a high-
pass lter. Another implication of the spectral properties of the Laplacian
matrix is that an iteration on the signal x of the form

X1 = Xo LXo; (9.1)

will havethe e ect of creating a low-passsignal, sincea high-passform of the
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Figure 9.11: Filtering imagedata on a space-ariant image. (a) The original
image: ESLab0059.jpg (b) A space-ariant graph patterned after the retinal
ganglion cell distribution of the bottlenoseddolphin [46]. (c) The imported
image, before any processing. (d) Result of the mean lter applied to the
imagein (c). (e) The low-pass lter [68] appliedto the imagein (c).
(f) A high-pass lter of (c), producedby di erencing the low-passsignal of
(e) with the original.

31



(@) (b)

(c) (d)

Figure 9.12: Filtering coordinate data on aring graph. (a) A noisyring graph
producedby adding radial Gaussiandistributed randomto nodesarrangedin
a perfectcircle. (b) The e ect of applying the mean Iter to the coordinates
of the graphin (a). (c) The low-pass Iter [68 appliedto the coordinates
of the graphin (a). (d) A high-passlter of the coordinatesin (c), produced
by di erencing the low-passsignal of (c) with the original.
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Figure 9.13: Diusion Itering on an image. (a) The original image: ES-
Lab0059.jpg (b) The e ect of performing isotropic diusion on the 4-
connected lattice represeting image (a). (c) The e ect of performing
anisotropic di usion on the 4-connectedattice represeting image (a).

signal is subtracted from the original. Since(9.1) represeis oneiteration of
the di usion equation

at = Lx; (9.2)

both isotropic [42] and anisotropic[54] di usion may be viewed asa low-pass
Iter. The function diffusion.m performsdi usion on a signal. Figure 9.13
shows an exampleof isotropic and anisotropic di usion on an image.

The combinatorial Dirichlet problem method of interpolation presened
above may alsobe viewed asa low-pass Iter, sinceit requiresthe solution to
a systemof equationscorrespnding to the Laplaceequation, constrainedby
Dirichlet boundary conditions. A solution to a systemof equationsLx = b
may beviewed (if not computed)asx = L b Theinverseof a matrix retains
the sameeigervectorsasthe original, but the correspnding eigervaluesof the
inversematrix arethe reciprocal of the eigervaluesof the original. Therefore,
the solution to the constrained Laplace equation may be viewed as a low-
pass Iter since the lowest frequenciesof the inverse of the (constrained)
Laplacian matrix will correspnd to the largest eigervaluesand vice versa
The relationship of the solution to a constrained Laplace equation to low-
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pass ltering and steady state di usion with boundary conditions (see[26])
justi es its inclusionasa lItering method.

Figure 9.14 demonstratesanisotropic interpolation applied to low-pass
Itering (i.e., smoothing) an image. To generateFigure 9.14,a 4-connected
lattice was generatedwith the weight function of (8.1), basedon the Lena
image. Sampleswere chosenfrom relatively uniform areasby computing the
sum of the edgegradierts incident on ead node. All nodeswith gradiert
sumsbelow a threshold were selectedas samplenodesto have their values
xed. The remaining nodeswereanisotropically interpolated, giventhe xed
set. One can seethat sharp boundariesare maintained, due to the encaling
of imageinformation with weights. Areas of the imagewith high variability
(e.g., the feathers) are smaoothed considerablysince very few sampleswere
taken, while areaswith initially low variability remain uniform.

10 Edge nding

Edge detection is a common goal of low-level computer vision. Common
edgedetection approates [39] make use of gradiert [57] or Laplacian [49
operators. An interesting feature of these operators is that although they
both operate on valuesassaiated with the node set, the conbinatorial gra-
dient operator (the edge-nale incidencematrix) returns valueson the edge
set while the combinatorial Laplacian returns valueson the node set. This
di erence is analogousto 3D vector calculusin which the application of both
the gradiert and Laplacian operatorsto a scalar eld resultsin a scalar eld
for the Laplacianand a vector eld for the gradiert. Standard gradiert oper-
ators usedfor edgedetectionare appliedto pixelsand return valueson pixels
[57, 56, 23], causingthe output of a typical gradiert or Laplacian-basededge
detection algorithm to be a set of edge-pixels.

The function findedges.m keepswith tradition by returning a set of
edge pixels, regardlessof whether a conbinatorial gradiert or Laplacian-
basededgedetection sthemeis chosen. In the cortext of space-ariant edge
detection, we have found that better edge detection results are obtained
by using an anisotropic edgeoperator, where the weighs are basedon the
Euclidean distance of the point coordinates. The reasonfor this is that
sensorgnodes)that arelocated more distant from ead other are morelikely
to have an intensity changethat crossesthreshold, even if the cortinuous
light distribution variessmoothly acrossa single object. Weighting the edge
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Figure 9.14: Anisotropic interpolation usedto low-pass Ilter an image. (a)
Original Lenaimage. (b) Magnitude of summedimagegradiens. (c) Samples
taken from lowest magnitude points. (d) Anisotropically interpolated image.
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Figure 10.15: Edge detection on image data on a space-ariant image. (a)
The original image: ESLab0032.jpg (b) A space-ariant graph patterned
after the retinal ganglion cell distribution of the labrador [38]. (c) The im-
ported image, beforeany processing.(d) Result of anisotropic di usion pre-
processingusedto sharpenedgesand blur noise. (e) Result of gradiert-based
edgedetection. (f) Result of Laplacian-basededgedetection.
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operator by distance compensatesfor this e ect. Figure 10.15demonstrates
gradiert and Laplacian-basededgedetection on a space-ariant image. In

order to reducenoisebut presene edgesanisotropicdi usion wasperformed
beforethe edgeoperator wasapplied. Note that di erent nodescorrespmpnd to

di erent sizedVoronoiregionsin the visualization, dueto the space-ariance,
which resultsin varying edgewidth.

11 Segmentation

The use of graph theory for data clustering and image segmetation may
be traced to the work of Zahn on Gestalt clustering [84]. By framing the
segmetration problem in the cortext of graph partitioning, Wu and Leahy
deweloped the minimum cut algorithm [83]. Graph partitioning approades
to segmetation hasledto seweral other algorithms [64, 53, 74,61]. The func-
tion partitiongraph.m  performsa graph bipartition usingthe isoperimetric
algorithm [32], normalized cuts [64] or spectral partitioning [55]. Convert-
ing a graph bipartitioning algorithm to a complete segmeiation may be
accomplishedby recursiwely applying the bipartitioning algorithm to ead
new segmenh and stopping the recursionwhen a speci ed metric of partition

guality fails to be satis ed. The function recursivepartition.m recursively
appliespartitiongraph.m  and returns integer labels of eat node sud that

nodes sharing the samelabel are consideredto be in the same partition.

Sinceone often wants to apply thesealgorithms to standard Cartesianim-
ages,the functions imgsegment.mand imgsegpyr.m input standard images
and return segmetations by usingan underlying lattice or pyramid topology,
respectively. The function isosolve.m performsthe calculationsfor comput-
ing the potentials for a singleapplication of the isoperimetric algorithm. An

exampleof applying the segmeration algorithm to a space-ariant imageis
givenin gure 11.16.

12 Miscellaneous functions

This sectiondetails the minor functionsincludedin the Graph Analysis Tool-
box usedto manipulate and visualize data.

Three functions usedto perform minor graph and matrix manipulation
areadjtoedges.m, circulant.m andremoveisolated.m . The function adj-
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Figure 11.16: Segmertation of image data in a space-ariant image. (a)
The original image: ESLab0043.jpg (b) A space-ariant graph patterned
after the retinal ganglion cell distribution of the two-toed sloth [1§. (c)
The imported image, before any processing. (d) Segmehn labels obtained
using the isoperimetric algorithm [32 ( 1 = 20, 2 = 5;stop= 1 10 8).
(e) Segmetnation result displayed asthe outline of segmets againsta white
badkground. (f) Segmetation result displayed as black outlines againstthe
fadedimage.
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toedges.m corverts an adjacencymatrix to an edgeset. Sinceshift-invariant
graphscorrespnd to circulant adjacencyand Laplacian matrices, the func-
tion circulant.m is usedto generatea sparsecirculant matrix from one
row that details the topology of a single node (which su ces to de ne the
topology of the whole graph, sincethe graphis shift-invariant). The function
removeisolated.m is usedto remove any nodeswhich are not connectedto
any other node.

The functions binarysearch.m , equalize.m and normalize.m provide
additional data processing. The function binarysearch.m implemerns a
divide-and-conquerseart algorithm of a sorted vector for the closestvalue of
a giveninput. Normalization of the columnsof a matrix to a speci ed range
(defaulting to [0,1]) is accomplisheduy the function normalize.m . Histogram
equalization of a vector is performedby the function equalize.m .

Four functions are available to aid in visualization of a segmetation and
the production of segmetation resultsfor publication. Three represemations
of asegmetation arereturned by segoutput.m and segoutputSV.m integer
node labels, black outlines of segmets against a white badkground and red
outlines of segmers superimposedon the original image. The special caseof
Cartesianimagesis handledby segoutput.m, while the generalcaseof space-
variant imagesis handledby segoutputSV.m Sinceonemay want to usethe
red-outlined segmetations returned by segoutput.m and segoutputSV.m
in publication, the functions colorseg2bwseg.m and colorseg2bwsegSV.m
convert the red-outlined segmenation to a black-outlined segmeration su-
perimposedon a faded out copy of the original (so as not to confusethe
segmenation lines with image features). Cartesian and space-ariant seg-
mertations are handled by colorseg2bwseg.m and colorseg2bwsegSV.m
respectively.

Sincethere is a frequert needin the Graph Analysis Toolbox for vector-
izing an RGB image, the function rghimg2vals.m existsfor this purpose.

13 Conclusion

The Graph Analysis Toolbox wasdewelopedto provide toolsfor space-ariant
computer vision that are independen of samplingregimeor a chosentopol-
ogy. Graph theory comprisesthe primary data structure, and combinatorial
methods are the tools usedto processthe data. Sincegraph theoretic data
structures appear in other disciplines with problems of analysis similar to
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computer vision (e.g., segmetation, edge nding), we hope that the tools
deweloped heremay nd a wider audience.

Despite the ubiquity of space-ariant sensorsin biological systems,it is
rare to nd articial space-ariant acquisition devicesor displays. For this
reason,the Graph Analysis Toolbox allows the simulation of a space-ariant
sensor by providing toolsto transferimagesacquiredwith a Cartesiansensor
array to an arbitrary space-ariant represemation. Likewise,tools are also
available to allow the display of space-ariant imageson a standard CRT
monitor. In addition to simulation of a space-ariant sensor,the Graph
Analysis Toolbox provides the simulation of an active vision system that
allows the simulated space-ariant architecture to be directed to di erent
points in a larger image.

We hope that the Graph Analysis Toolbox will aid researbersin space-
variant computer vision and other disciplinesthat take a conbinatorial ap-
proach to graph theoretic structures.
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1 Function list

This appendix is a reproduction of the Contents.m le.

Generating lters for
space-ariant graphs.
contour2pdf.m
ellipsefit.m
findfilter.m

I/O on space-ariant graphs.
importimg.m

showmesh.m

showvoronoi.m

voronoicells.m

Data processingon graphs.
diffusion.m
dirichletboundary.m

filtergraph.m
findedges.m

imgsegment.m

Convert a cortour map to a
probability density function.
Fit an ellipseto a polygon
with least-squareerror.
Compute resampling lters
for a point set.

Import a Cartesian (standard)
imageto a space-ariant
architecture.

Visualize 2D data (e.g., an
image) on a graph by
interpolating data acrossthe
facesof the nodes.

Visualize 2D data (e.g., an
image) on a graph by uniformly
lling the Voronoi cell of eat
node with its value.

Compute Voronoi information
of a graph for visualization.

Di use data on a graph.

Solwe the combinatorial Dirichlet
problem on a graph (e.g.,
interpolate missingdata).

Filter data on a graph.

Detect edgesin data on a
graph.

Segmeh a Cartesian (standard)
image using a lattice.
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imgsegpyr.m

isosolve.m

makeweights.m
partitiongraph.m
recursivepartition.m
Generatingnode/edge sets
for graphs.
addrandedges.m
latticepyramid.m

knn.m

lattice.m

logz.m

roach.m
triangulatepoints.m
Graph matrix generation.
adjacency.m

incidence.m

laplacian.m

Segmeh a Cartesian (standard)
image using a pyramid.
Perform the calculations
required by the isoperimetric
algorithm.

Convert nodal graph data to
edgeweiglts.

Segmen data on an arbitrary
graph.

Recursively segmenh data on
an arbitrary graph.

Add random edgesto

\small worldify" a graph.
Generatea connectedpyramid
from a Cartesian lattice.
Connectnodesto their nearest
neighbors.

Generatea Cartesian lattice
with varying

connectivity.

Generatea point setusingthe
w = log(z + a) function describingthe
macaqueretinotopic map.
Generatethe \roach" graph of
Guattery and Miller.

Compute an triangulated edge
set for an input node set.

Generatethe adjacencymatrix for a
node/edgeset.
Generatethe incidencematrix for a
node/edgeset.
Generatethe Laplacian matrix for a
node/edgeset.
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Support functions.
adjtoedges.m

binarysearch.m
circulant.m

colorseg2bwseg.m

colorseg2bwsegSV.m

equalize.m
normalize.m
removeisolated.m
rgbimg2vals.m

segoutput.m

segoutputSV.m

Convert an adjacencymatrix to an
edgelist.

Perform a binary seart of a vector.
Generatea circulant matrix (similar
to toeplitzzm ).

Cornvert a segmeiation indicated
with color to a publishable

(B&W) format.

Convert a space-ariant segmetation
indicated with color to a publishable
(B&W) format.

Perform histogram equalization of a
data vector.

Normalize data (columnwise)to a
speci ed range.

Remove any isolated nodesin a graph.
Vectorizean RGB image.

Convert a segmetation labeling of a
lattice to a better visualization.
Convert a segmetation labeling of an
arbitrary graphto a better visualization.

2 Demo scripts

This sectionprovidesa list of demoscriptsincludedin the extendedpadage.
The information presened hereis alsoincluded in the ContentsDemo.mle.

Edge nding.

findEdgesDemo.m Compute edgesfor a Cartesianimage
using the gradiert and Laplacian
edgedetectors.

findEdgesDemoSV.m Compute edgesfor a space-ariant
image using the gradiert and Laplacian
edgedetectors.
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Graph ltering.

diffusionDemo.m Compute iso/anisotropic di usion on a
Cartesianimage.

fiterCoordDemo.m Filter coordinate data.

filterimageDemo.m Filter a space-ariant image.

interpolationFilterDemo.m Useanisotropic interpolation asan
image lter.

Graph drawing.
drawGraphDemo.m Useisotropic interpolation to smaooth
a graph drawing.

Imageinterpolation.

fovealAnisotropicDemo.m Perform anisotropic interpolation on a
missingimageregion.
foveallsotropicDemo.m Perform isotropic interpolation on a

missingimageregion.
cartesianAnisotropicDemo.m  Perform anisotropic interpolation based
on sampling di erent regionsof the

image.

Importing/Visualization.

buildFiltersDemo.m Generateimporting lters for a
random point set.

contour2graphDemo.m Generatea graph from a retinal
topography cortour image.

differentFoveationDemo.m Foveateon di erent points in a larger
image.

ellipseDisplayDemo.m Fit ellipsesto Voronoi cellsof a
randomly generatedpoint set.

generateSVgraphsDemo.m Generategraphsand lIters from the
existing set of retinal topography images.

importVisualizationDemo.m Import a Cartesianimageto an

imgGraphand visualize.
Segmetration.
clusterPointsDemo.m Cluster a point set (segmetation on
coordinates).
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segmentationSVDemo.m Segmeh an imgGraph
segmentationCompareDemo.m Comparesegmetation of a Cartesian
image generatedby di erent algorithms.

Pyramids.
pyramidSegmentationDemo.m Compute a segmetation using a
pyramid architecture.

Graph generation.

connectGraphDemo.m Computesand comparesgraphswith
di erent topology and geometric
arrangemeih.

3 Standardized variable names

Throughout the functions, documertation and demos,a set of standardized
variable namesare used. The list of variable namesand their meaningsis
given below, and a reproduction of this list is includedin the le variable-
Names.txt.

Scalars.
Q Cardinality of facessetin a graph.
K Dummy constart.
N Cardinality of node setin a graph.
M Cardinality of edgesetin a graph.
P Number of coordinate dimensionsof a node set.
scale The weighting function parameter.
stop The recursionstop parameter.
XIYIZ Dimensionsof an image or region (e.g.,
[X Y Z]=size(img) ).
Matrices.
wW The N N adjacencymatrix.
D The N N diagonalmatrix of node degrees.
img The current image.
L The N N Laplacian matrix.
A The M N edge-nale incidencematrix.
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Vectors.

d

vals

weights

Graph componerts.
points

edges

faces

Structs.
imgGraph

imgGraph.pntMap

imgGraph.breakpoints

imgGraph.filtWeights

voronoiStruct

voronoiStruct.pts

voronoiStruct.index

voronoiStruct.faces

The N 1 vector of node degrees.

The N K vector of K dimensionalnodal
values(e.g., RGB, with K = 3).

The M 1 vector of edgeweighs.

An N P list of node coordinates.

An M 2 list of edges(containing indicesto
the node set).

A Q K list of polygonal faceswith order K.

Struct cortaining the lters for importing an
imageto a space-ariant graph.

A K  2list of the K points in the imageplane
usedto Iter animagefor importing.

A 1 N list of the breakpoints in
imgGraph.pntMapreferring to the points
correspnding to di erent nodes.

A K 2list of the Iter weights for eat of

the K points in imgGraph.pntMap

Struct cortaining the information necessaryto
perform Voronoi visualization on a space-ariant
image.

K 2list of coordinatesfor the verticesof the
Voronoi cellsfor the node set, whereK > N.
List of nodesthat are represered in the
visualization (i.e., nodeswith a Voronoi cell
within the corvex hull of the node set).

List of facesrepreseting the Voronoi cells,to
be usedby patch.m.
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(a) Baboon [79] (b) Beagle[52] (c) Cat [37]

(e) Cow [38] ) Deep-sea (g) Deer[38]
bass[15]

0] German 0] Harlequin (k) Plains kan-

shepherd[52] tusk sh [16] garoo [36]
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(d) Cheetah[3§]

(h) Bottlenosed
dolphin [46]

() Tree kanga-
roo [36]



(m) Sacred king sher (n) Labrador [39] (o) Pig [38]
(501

(p) Pigeon|[79 (q) Rabbit [35] (r) Two-toedsloth [18]

(s) Squirrel [39] (t) Wolf [52] (u) Yellow- nned
trevally [14]
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4 Included retinal top ographies

This sectionshavsthe probability density function (PDF) obtained from the
retinal topographiesof ganglion cell density for the speciesincluded in the
Graph Analysis Toolbox. Darker areasrepresem higher ganglion cell den-
sity, while lighter areasrepresemn a lower ganglioncell density. In addition to
having di erent visual sampling arrangemers, di erent specieshave vary-
ing degreesof nonuniformity in the sensethat the discrepancybetweenthe
most denseand most sparseregionsof ganglion cellsmay be 2 : 1 in some
speciesand 100: 1 in others. Sinceead imagegiven below is normalizedto
have unity sum, the specieswith a greaterratio of denseto sparseareasare
displayed as nearly white with a small dark region, while specieshaving a
lower ratio of denseto sparseregionsare displayed as a more uniform gray.
Howewer, since the topographic maps for di erent specieswere studied by
di erent researbers who stopped courting cell densitiesat di erent points
in the retinal periphery, the topographies(and hencethe imageshere) may or
may not represem an actual comparisonbetweenspeciesas regardsthe dis-
crepancybetweenthe region of highest cell density and the region of lowest
cell density.
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