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Abstract

The mapping function w = klog(z + a) is a widely acceptedapproximation to the
topographic structure of primate V1 foveal and parafoveal regions. A better model,
at the cost of an additional parameter, captures the full "eld topographic map
in terms of the dipole map function w = klog[(z + a)=(z + b)]. Howewer, neither
model describestopographic shearsincethey are both explicitly complex-analytic
or conformal. In this paper, we adopt a simple ansatz for topographic shear in

V1, V2, and V3 that assumesthat cortical topographic shearis rotational, i.e. a
compressionalong iso-eccetricit y contours. We model the constart rotational shear
with a quasiconformalmapping, the wedgemapping Composingthis wedgemapping
with the dipole mapping provides an approximation to V1, V2, and V3 topographic
structure, e®ectiely unifying all three areasinto a single V1{V2{V3 complex using
‘v e independert parameters. This work represens the rst full- eld, multi-area,

guasiconformal model of striate and extra-striate topographic map structure.
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1 Intro duction

Primate visual cortex cortains multiple topographic mapsof the visual hemi-
“eld that are “cortinuous': neighboring points in the visual eld project to
neighboring points in the cortex. The cortical magni cation factor wasde ned
by Daniel and Whitteridge (1961)to be the distancein cortex (in millimeters)
dewted to represeting a step of 1* in visual space.If the mapping function
is complex-analytic, then the magni cation factor represemts the magnitude
of the derivative of the mapping.

In recen years,there have beenseweral functional magnetic resonancemag-
ing (fMRI) studiesof visual topograply, or visuotopy Thesestudies have not
only provided a method to non-invasiwely identify the bordersof sewral visual
cortical areas(Serenoet al., 1995;DeYoe et al., 1996),but have also provided
a meansto estimate the spatial precisionof fMRI (Engel et al., 1997). Since
topograpty is the most direct and unequivocal fMRI measuremen for visual
cortex, it is of importance for the purposeof validating, calibrating, and ex-
tending fMRI technology Thus, both applied studiesinvolving brain imaging
and basic scieni ¢ studies of visual processingwould bene t from a simple
model of striate and extra-striate topograpty.

It has been reported that in area V1 the cortical magni cation is either
isotropic, i.e. locally invariant to the direction of the step in visual space
(Daniel and Whitteridge, 1961;Dow et al., 1985), or appraximately isotropic
(Schwartz, 1985;Tootell et al., 1985;van Essenet al., 1984).Complex-analytic
functions, whosederivativesareisotropic, represem conformal mappingswher-
ewver the derivative is non-zero,i.e. they are mappingsthat locally presene
angles. Therefore it is natural to consider conformal mappings as appraxi-
mations to V1 topograply (Scwartz, 1977, 1980). Although the mapping
function correspnding to cortical visuotopy has proved to be largely confor-
mal, there exist signi cant deviationsin the topographic mapping from pure
conformality. This deviation manifestsitself as a topographic anisotropy, or
shar.

The goal of this paper is to introduce quasiconformalmethods for modeling
the topograpty of visual cortex. Our model, called the wedge{dipole model,
incorporates a simplifying assumption of uniform shearthroughout a given
cortical area.In addition, the wedge{dipole mappingenbodiesa uni ed model
for the topograpty of the full visual eld in areasV1, V2, and V3.



2 Review of previous models of cortical top ography

2.1 The monomle mapping

The reciprocal of the V1 magni cation factor has beenreported to be ap-
proximately linear (Schwartz, 1977;Wilson et al., 1990;Sdwartz, 1994).The
complexlogarithm, w = log(z), with z restricted to the half-disc,® is therefore
an obvious candidateto model the two-dimensionalstructure of the mapping,
asthe magnitude of its derivative is inverse-linear.Howewer, the complexlog-
arithm has a singularity at the point z = 0. One can remove the singular
point from the mapping domain by choosing the function w = klog(z + a),
which placesthe singularity at z = | a (seeFig. 1(b)). This function is the
electrostatic complex potential in two dimensionsof a single charge located
at z = j a (Needham,1997), and therefore we refer to it asthe a-monomle
mapping (henceforth simply the monople mapping). The monopole mapping
capturesthe approximate shape of °attened V1, aswell asthe internal details
of the topograply (Schwartz, 1977,1980). Howewer, it does not adequately
capture the far peripheral data wherethe inversemagni cation factor is sub-
linear (Schwartz, 1984), nor doesit capture the shape of the far peripheral
“eld represetation in °attened V1 (e.g. compareFig. 1(b) and (c)).

2.2 The dipole mapping

The complexpotertial of a pair of opposite charges(a dipole) is given by the

sum of two oppositely chargedmonopole potertials: w = log(z+ a)i log(z+ b),

wherethe positive chargeis at z = | a and the negative at z = | b. We shall
refer to this function as the near-eld ab-dipole mapping* (henceforth the

dipole mapping). The monopole potential may be consideredas a special case
of the dipole for which b= 1 . The secondparameterb capturesthe shape of
the V1 boundary exhibited at the peripheral represemation (seeFig. 1(c)), as
well asthe fact that inversecortical magni cation factor is sub-linearin the

peripheral eld (Schwartz, 1983,1984), and thus provides a two parameter
appraximation of the full- eld topography of V1.

3 The opposite hemi-"eld can be symmetrically represeed by w = 2log(a) i
log(j z + a) for Refzg - 0, asin (Rojer and Schwartz, 1990), with an analogous
construction for the dipole map.

4 The term near-eld emphasizesthat we are examining the dipole "eld in the
region between the charges,not the usual far- eld dipole familiar in electrostatics,
which considersthe distance betweenthe chargesto approad zero.



2.3 Numerical conformal mapping

The monopole and dipole maps are examplesof closed-formexpressionsfor
conformal mappings.A more generalconformal model is obtained by numer-
ical conformal mapping, as demonstratedby Frederik and Sdwartz (1990);
Sdwartz (1994).In this work, the border of areaV1 was computedvia quasi-
isometric brain °attening (Wolfson and Scwartz, 1989). Given a boundary
speci cation, a single point corresppndence,and an orientation, the Riemann
mapping theorem guarartees the existenceand uniquenessof a conformal
mapping to the unit disc (Ahlfors, 1966a),which can be carried through to
the visual hemi- eld. The Symm algorithm (Symm, 1966) was then usedto
compute the V1 mapping, wherethe cortical represemation of the blind spot
provided the point corresppndenceand orientation. The resultisin good agree-
mert with 2DG data, with the typical error in the range of 10% of the linear
dimensionsof V1 (seeSdwartz, 1994).

2.4 Topographic shar

Considerableshearhasbeenobsenednearthe vertical meridian represetation
of V1 (e.g. Blasdel and Campbell, 2001). Furthermore, a large amourt of
shearhas beenreported in V2 (Rosaet al., 1988).In the following section,
we presen a model that assumesa very simple form of shear: a constart,
compressie shear prescribed along the iso-eccetricity curvesin ead area.
This shearmodel is consisten with reports that the V2 magni cation factor
measuredperpendicular to the V1{V2 borderis much smaller (between3: 1
and 6: 1) than that measuredin the parallel direction (Roe and Ts'o, 1998).

We treat this simple form of shearas an ansatz (i.e. a preliminary working
hypothesis).In Section4, we discussthe replacemehn of this type of shearwith
more realistic ideasthat incorporate known information about topographic
shear.

3 Mo deling top ography of visual cortex

3.1 Model gaals

Our goalsin modeling the topograplty of areasV1, V2, and V3 are asfollows:

(1) the mapsmust accoun for shearin V1, V2 and V3;
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Fig. 1. (@) The right visual hemi- eld. (b) The a-monopole map of the right visual
hemi-eld. (c) The near- eld ab-dipole map of the right visual hemi-eld. (d) Three
copiesof the visual eld (one ead for V1, V2, and V3) are mapped into the wedges
shown in (e), by the wedge map. The near- eld ab-dipole map is then applied to

the wedges,resulting in the full wedge{dipole map, shown in (f). The topography

of human visual areasV1, V2, and V3 is semi-qualitatively showvn in (g) (Horton

and Hoyt, 1991), where HM and VM mark the horizontal and vertical meridians,
respectively. The wedge{dipole model superimposedon this data is showvn in (h).

The model parametersused here werea = 0.9, b= 180, ® = 0:95, ® = 0.5, and
®; = 0:2. The topography of owl monkey visual cortex is showvn in (i) (Allman and
Kaas, 1975). Two wedge{dipole maps are showvn superimposedon this data in (j),

one for the V1{V2 complex (model parametersa = 0:8, b = 85, ® = 1:05, and
®, = 0:33), and one for the MT{DL complex (model parametersa = 10, b= 70,
® = 1, and ® = 0:5). The MT{DL model has been scaled by a factor of 0:65
relative to the V1{V2 model.
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(2) the model must match the global shapesof areasV1, V2, and V3 aswell
astheir relative surfaceareas;

(3) adjacernt topographic areasmust exhibit boundary conditions sud that
V1 and V2 sharea boundary along the vertical meridian represetation,
and V2 and V3 sharea boundary along the horizontal meridian repre-
senation (seeFig. 1(9));

(4) the Jacobianof the topographicmap must reversesign acrossthe bound-
ariesbetweenV1, V2, and V3, exhibiting the eld reversalproperty de-
scribed in Serenoet al. (1995);

(5) the iso-eccetfricit y lines must be spacedappraoximately logarithmically.

We now preseit the wedge{dipole map, which providesa uni ed model of V1,
V2, and V3 that meetsthe stated goals.

3.2 The wealge{diple madel

We canrepresen any point in the visual hemi- eld with the complexvariable
z = reM, wherer represets eccefricity and p represets polar angle. The
wedgemap for VK, k = 1;2; 3, is the map

o (re) = ref«; (1)

wherethe function £, for V1 is given by

£1(1) = & (2)
the function £, for V2 is given by ®
8 H A Moo 1
300, W 2 +E, 42 O 5/4;
£,() = s H N §4ﬂ + £ “_ 5411 it Ya 0 - (3)
i ® M > v Wi g 0
and the function £ 3 for V3 is given by
8 1,
2@+ £2(07) if O - po
£5(1) = Y (4)

T ®u+ £,(00) ifj 5 o0

The wedgemap warps three copiesof the visual hemi- eld (one ead for V1,
V2, and V3) and placesthem into the "pac-man’shape shovn in Fig. 1(e).
Eadh copy hasbeencompressedy an amount ® in the azimuthal direction,
resulting in a rotational shar in ead of the wedges.

5> Here0" ~ 0+ j2jand 0 ~ 0j j3 as2! O.



The wedgemap is then composedwith a dipolemap w = klog[(z+ a)=(z+ b)]
to producethe full wedge{dipole model, asshowvn in Fig. 1(d){(f ). This model
provides a good qualitative 't to the datajin Fig. 1(h) and (j) we show the
topographic data of Fig. 1(g){(i), respectively, with the wedge{dipole map
superimposed(seecaption for parameters).

This model achievesead of the goalsoutlined in Section3.1.

(1) The wedgemap imposesa constart compressie shearin the azimuthal
direction via the angular compressionparameters®,, ®, and ®;. This
results in a compressionalong the iso-eccefricity curves of the dipole
map, inducing a simple form of shearin eat of the areasof the wedge{
dipole map.

(2) The dipole parametersa and b determine the overall shape of the area
borders, and the compressionparameters®;, ®,, and ®; not only pre-
scribe the shear,but alsoallow the relative surfaceareasto be varied to
match the data.

(3) The wedgemap construction enforcesthe boundary conditions between
adjacen areas|image points of the V1 vertical meridians correspnd to
image points of the V2 vertical meridian (i.e., ref18%#2) = rgb2(8¥F2)),
and likewiseimage points of the V2 horizontal meridians correspnd to
image points of the V3 horizortal meridians (i.e., ref2© = ref3),

(4) As d£ ;=du and d£ 3=du are positive, and d£ ,=du is negative (seeequa-
tions (2){(4) ), the Jacobianof the wedgemap, and thereforethat of the
wedge{dipole map, reversessign acrossthe bordersof adjacen areas.

(5) By construction, the dipole mapping ensureslogarithmic spacingof iso-
eccelricity lines for the parafoveal represemation and the inverseof its
derivative is sub-linearfor the peripheralrepresemtation (Schwartz, 1984).

Note that we are ableto jointly model areasV1, V2, and V3 with a singlemap
function, suggestingthat thesethree areas be considerd as a single entity, the
V1{V2{V3 complex

4 Discussion

Sources of top ographic data The topographicdata shovn in Fig. 1(g) and
Fig. 1(i) consistsof qualitativ e outlines of topograpty basedon the collective
experienceof the investigatorsinvolved. Unfortunately, there is, at preset,
very little quartitativ e topographicdata to which we can 't our model.

This is partly dueto technical dixculties in collecting full- eld visuotopic
data: in fMRI experimerts, the narrow bore of the magnetmakesit ditcult
to presen stimuli in the visual periphery. In addition, the unreliability of
guartitativ e topographic data is exempli ed by the wide variation in the



reported measuremets of log(z + a) parametera with little error analysis
(Wilson et al., 1990).

Furthermore, it hasbecomecommonpractice to make cuts in cortex that
run throughthe V1{V2{V3 complex(in particular through the baseof the
calcarine ssure, which correspnds to the represemation of the horizon-
tal meridian in V1), prior to °attening (e.g. seeKaas, 1998). These cuts
drastically alter the topology of this region of cortex, resulting in “atmaps
that needto be deformedand "glued' bad togetherin order to obsene the
structure of their topography.

Other forms of shear In this paper, we have assumeda very simple form
for the topographic shear. A constant rotational shearis produced by the
wedgemapin ead area,i.e. a compressioralongiso-eccetricit y lines. There
is evidencethat this is not a good assumptionfor V1, wherethere appears
to be a signi cant amourt of shearnear the represemation of the vertical
meridian but lessnearthe represemation of the horizortal meridian (Blasdel
and Campbell, 2001;LeVay et al., 1975;van Essenet al., 1984;Tootell et al.,
1982;Schwartz, 1994).

It has been hypothesized (Tootell et al., 1982; Blasdel and Campbell,
2001) that topographic shearin V1 is related to the injection of two full
represetations of the visual eld (left and right hemi-retinae) into the oc-
ular dominancecolumns (ODCs) in V1. Hoeer, this idea fails to explain
the de cit of shearat the horizortal meridian represemation, where ocular
dominancecolumnsare well organizedover small distances.Newvertheless,a
more realistic assumptionwould be to have the shearfollow ODC bound-
aries, rather than iso-eccetricit y lines. Similarly, the shearin V2 could be
inducedto follow the boundariesof the thick{thin{in terstripe columns.We
plan to investigate thesemore sophisticatedmodelsin future work.

Quasiconformal mapping A topographic map exhibiting an anisotropic
magni cation (e.g. the wedge{dipole map) is a quasionformal mapping
(Ahlfors, 1966b),meaningthat its deviation from a purely conformal map-
ping is bounded® As conformality is a geometricproperty that is derived
from the imposedmetric, every cortinuous quasiconformalmapping can be
shavn to be conformal with respect to a speci ¢ metric (see,for example,
Ahlfors, 1955;Ahlfors and Bers, 1960).

Given a speci cation of the shearpresen in a mapping (e.g. the wedge
map or the shearpatterns describedin Section4), onecanextract the shear
deformation from the mapping Jacobian.” It is then possibleto computea
mapping function that is conformal with respect to the new metric, using
either complex-analyticfunctions (as in this paper) or numerical conformal
methods (as in the use of Symm's algorithm by Frederik and Scwartz
(1990)). Finally, one canre-insert the shearingdeformation into the metric

6 Although the derivative of a conformal or quasiconformalmap must be non-zero,
the derivative of the wedgemap is zero at the origin. Howewer, this critical point is
isolated.



to arrive at the full quasiconformalmapping. Thus, generalizationsof shear
patterns can be combined with generalizationsof conformal mappings to
producea rich classof modelsthat canbe usedto model visual topograpty.

Visual areas V3, MT, and DL Therehasbeensomequestionasto whether
the cortical areaadjacen to V2 on its outer boundary constitutes a single
area, V3, or whether it constitutes two di®eren visual areas:VP and V3d
(seeKaas, 1998, for a review). Howewer, recen studies have provided con-
vincing support for a singleV3 represetation (Lyon and Kaas, 2001,2002),
and the V1{Vv2{V3 complexis consistem with this idea.

Another exampleof a cortical complexis in the owl monkey, wherevisual
areasMT and DL bear a super cial resenblanceto a V1{V2 complex(see
Fig. 1(i)), which suggestgthat this MT{DL complex may also be modeled
with the techniquespresened in this paper.

Singularities of cortical maps The dipole mappingw = klog[(z+ a)=(z +
b)] introducestwo singularitiesat z = j a and z = j b on the negative real
axis. As more visual areasare included into the wedgemap construction,
the domain of the dipole mapping beginsto approad the singularities, i.e.
the “pac-man'in Fig. 1(e) beginsto closedown orto the negative real axis as
more "wedges'(i.e. visual areas)are addedto the complex. Another way to
seethis is to considermodeling V1 and V2 with no rotational compression:
the domain of ead areawould occupy a half-disc, thus the dipole domain
would include the entire disc and the singularities on the negative real axis
would therefore be unavoidable.

This provides an interpretation of the needfor shearin the wedge{dipole
model: without rotational compressionthe V2 wedgewould encourter the
logarithmic singularities. The consequencewhich we have obsenedin com-
puter simulation, is that the surfaceareaof V2 divergesif the domain of
V2 is allowed to approad the negative real axis in the wedgemap. Rota-
tionally shearingV2 compresseghe domain of the dipole mapping away
from the negative real axis. Thus, the existenceof large shearin V2 and
V3 in cortex may be a side-e®ecbf the nature of topographic map singu-
larities, together with the obsened boundary conditions (i.e. eld reversal,
sharedboundaries, etc.). Avoidance of these singularities may help de ne
the global geometricstructure of the cortical topograpty by regulating the
amourt of shearand the total areafor ead region. Under the assumptions
of the wedge{dipole model listed in Section3.1, there is a trade-o®between
areaand shearsud that no more than three or four regionscan be repre-
serted in a singlecomplexwithout requiring either very large shearor very

’ The di®erertial, or Jacobian matrix, of aregularmapf : R?! R? is represetied
by a combination of a dilation (the trace), a rotation (the anti-symmetric compo-
nent), and a deformation or shear(the tracelesssymmetric componert). If a map is
conformal (i.e., isotropic), its shearcomponert is zero. See(Schwartz, 1984, 1994)
for detailed discussionin the preser cortext, or, for the original discussion,see(von
Helmholtz, 1858).



small area.
Steady state di®usion source and sink The realpart of the ab-dipolemap
is the steady state solution to the di®usionequation

r %A %= Hx+ay)i Hx+ by) (5)
for a single sourceand sink, and the imaginary part is given by its har-
monic conjugate (Needham,1997).From this point of view, it is a "natural’
model function to represen two-dimensionalpatterns. It would appear that
dewelopmenal modeling, in terms of gradierts of morphogeneticor other
chemo-tactic cortrol, might bene t from the analysis of this paper. The
results of this paper suggestthat it may be possibleto dewelopmenally
code for the topographic structure of visual cortex using a sheareddipole
architecture speci ed by a small number of parameters.
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