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The Local Structure of Space-¥riant Images

Abstract - Local image structu is widely used in theories of both machine and
biological vision. The form of the diffartial operators describing this struceur

for space-invariant images has been well documented (e.g. Koend&xa,
Although space-variant codinates ae universally used in mammalian visual sys-
tems, the form of the operators in the space-variantdinate system hagceived
little attention. In this eport we derive the form of the most common eifiteal
operators and surface characteristics in the space-variant domain and show
examples of their use. The operators include the Laplacian, the gradient and the
divergence, as well as the fundamental forms of the imagé=stl as a surface.aV
illustrate the use of thesesults by deriving the space-variant form of corner
detection and image enhancement algorithms. The latter is shown to hagstinter
ing properties in the complex log domain, implicitly encoding a variable grid-size
integration of the underlying PDE, allowing rapid enhancement gelacale

peripheral featues while peserving high spatial @quencies in the fovea.

Keywords: anisotropic difusion, space-variant vision, log-pglanage enhancement
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1. Intr oduction.

Images can be characterized in a number of ways. For example, one can consider an image as
having been generated by a random process. This allows the tools of statistical mechanics and
probability theory to be brought to bear on the problems of image analysis (e.g. Geman and
Geman,1984; Cooper edl.,1981). An alternative formulation is to view an image deterministi-
cally, and rely on a geometric analysis of its propertigpichlly, computational constraints force
the analysis to be a local one which leads to the usefefatitial geometry as an important tool
in machine and biological vision. iWin the deterministic framework one can further subdivide
the types of approaches. Perhaps the most common is to consider the image intensity function to
be a discrete sampling of a scalar beld over a subset of the real plane. This leads to the use of mul-
tivariable calculus and integral transform techniques in image processing. A somefenanidif
viewpoint is to regard the image as a surface embedd®?d| ieading to the characterization of
surface patches by quantities such as thebooerfits of the brst fundamental form (Nitzpand
Shiota,1992), the Gaussian curvature (Deriche and Girauta®8; Barth eal., 1993) and mean
curvature (El-Fallah and Forti994). Many other examples of the use offedéntial image struc-
ture by both machine and biological vision researchers can be found in the literature (e.g.
Koenderink,1984; Koenderink and van Doort990, Koenderink and van Doort94; Deriche
etal.,1992; Deriche and Giraudo©993; Florack e&l.,1992; Perona and Malik987, Perona
and Malik,1990; Beaudet] 978, Kitchen and Rosenfelti982; Krueger and Phillip4989).

Almost without exception the use of f/difential image characteristics in machine and biolog-
ical vision research has been performed in the space-invariant or Cartesian domain. However
has been shown that the mapping from the mammalian retina to striate cortex is a space-variant

one which can be well approximated by a complex log map (Schw8itZ; Schwartz1980;
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Schwartz,1994). Despite some notable advantages (dramatic pixel count reduction, quasi size
and rotation invariance), the complex log map has not been widely used in the machine vision
community In large part this has been due to the lack of shape invariance under translation, which
severely complicates object recognition. This drawback has recently been addressed (Bonmassar
and Schwartz]1994), allowing frequency domain techniques to be applied in the complex log
domain.

In a similar manner we wish to transform a class of standard space domain computational
vision algorithms, which make use of thefeliential structure of an image, so that they may be
used in the complex log domain. The geometry of an image is modibed by the log-mapping, and
this transformation must be accounted for to properly compute geometric invariants in the range
of the mapping. In section (3) of this paper we treat the image as a scalar beld and the complex
log mapping as a change of coordinates, deriving the metric tensor of the transformation, as well
as the form of both thi and theN? operators in the space-variant coordinate system. The modi-
pcation of the operators takes the form of negatively weighted exponentials which account for the
varying distance between pixels as the distance from the fovea increases. The conformal nature of
the mapping insures that the weighting is uniform in both the radial and angular directions. In sec-
tion (3.1.) we show that this is concisely expressed by the metric tensor of the log domain, which
provides a means to calculate Cartesian distances in the log plane. Examples are presented which
verify the form of the modiPed operators and illustrate their use.

In the latter part of this paper we treat the image as a surface embeddedil derive the
prst (section (4.1.)) and second (section (4.2.)) fundamental forms of the surface (C&Bno,
using a log-polar parameterization, which leads to expressions for the Gaussian and mean curva-

ture of images in terms of complex log coordinategiethey these results allow the computation
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of differential image characteristics directly in the log domain, without referring to the original
Cartesian image. In terms of artibcial vision systems this implies that all calculations can be per-
formed on the much smaller log-domain image, yielding a dramatic speed increase. This is illus-
trated by the transformation of both a corner detection algorithm (section (5.4.)), as well as an
image enhancement technique based on anisotropisidii (section (5.5.)), for use directly in

the log domain. The corner detection algorithm was chosen as it is a simple but useful application
of differential geometry to image processing, and is hence a convenient example of the applica-
tion of the types of results derived in this pafére anisotropic difision is used as an example as

the form the nonlinear diision equation takes in the log domain is advantageous when compared
to the Cartesian form. Specibcalllye non-uniform grid spacing inherent in the log domain

allows the difusion equation to be integrated with time steps which are exponential functions of
retinal eccentricityresulting in lage scale structure enhancement in relatively few time steps. For
biological vision, these results specify the form the computation fefeliftial image structure

must take if it is used in mammalian cortical systems.

2. Space-¥riant Vision.

The mammalian retina is a space-variant sensor: the spacing of sensory neurons across the ret-
inal surface is not uniform. The density of cells is greatest in the high acuity fovea, and falls of
with retinal eccentricityThis allows the simultaneous achievement of high resolution and a wide
Peld of view without requiring an enormous number of sensing elements. This anatomical feature
has clear perceptual correlatessual acuity in the fovea is greater than in the periphery by at
least a factor of 40 (@/theim,1894). This is the result of many factors including the optics of the

eye (Campbell and Greet®65), photoreceptor sampling densityildms and Colettal987),



Space-¥riant Local Structure. Page 6

spatial averaging due to the size of peripheral receptive bPelds (Merigan antigQ8lz as well
as ganglion cell density (WSssleagt1990).

The mapping from the retina to striate cortex has been shown to be well approximated by a
complex log map (Schwartt977; Schwartz1980). This discovery has motivated the use of the
complex log mapping in the construction of space variant sensors and algorithms for machine
vision systems (Rojer and Schwait890; Weiman,1988; Sandini and Darid 989, Sandini et
al.,1989; Messner and Sz1986; Schenker el., 1981; Bonmassar and Schwai294; Bon-
massar and SchwartZ995; Bonmassar and Schwa296b; Bonmassar and Schwaft296a).

The log mapping expresses the variation in cortical area devotedetelifregions of the retina.

2.1. Space-¥riant Vision in Biology.

The investigation of the space-variant properties of the mammalian retino-cortical mapping
dates back to the early 1960 order to characterize the transformation of visual data from reti-
nal coordinates to primary visual cortex Daniel and Whitteridge (Daniel and WhittelRi{B),
introduced the concept of the cortical magnibcation fabtgrmeasured in millimeters of cortex
per degree of visual angle. The magnibcation factor is not constant across the retina, but rather
varies as a function of eccentricitfxperimentallythe cortical magnibcation factor has been
found to be accurately approximated by

C
— 1
M,(r) = e 2.1)

wherer is the retinal eccentricity measured in degreesG3rahdC, are experimentally deter-

mined constants related to the foveal magnibcation and the rate at which magnibcatidn falls of

1. For example, approximately half of primary visual cortex is concerned with the central
8 degrees of the visual beld (WSsslal€1990).
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with eccentricity Integrating equation (2.1) yields a relationship between retinal eccentricity and

cortical distance

C,
1+ C2r

Cy
¢dr¢: —log (1+C,r) (2.2)

(= 5

Schwartz (Schwart4,977; Schwartz]1980) has pointed out that the cortical magnibcation
factor should be considered a vector quantity as opposed to a scalar one. The retino-cortical map-
ping can then be conveniently and concisely expressed as a conformal transformation. In this

approach, a complex varialdés used to describe the retinal coordinates

zZ= reiq = X+iy (2.3)

Polar coordinates are then used to replace Cartesian ones in the retina
r= «/x‘2+y2 ,q = tanmgy)—(g (2.4)

The cortical pointr((z)f (z)) can then be specibed by a single complex vanalale

w=r (2 +if (2 = Klog(z+a), Re(z)20 (2.5)

whereK is a scale factor determined by cortical area, which will be dropped in the following dis-
cussion, anad is a real positive constant, called the map paranietervalue ot determines the

size of the quasi-linear region arourx®, and is generally believed to be in the range 0.3 t0 0.7
degrees (see (Schwarig94) for a discussion of the signiPcanc&@nda). The efect of mod-
ifying a on the mapping can be seen in the following way (see bgure (2.1)). For éneall

z<<a), the mapping can be approximated using a series expansion around tize(point
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w log (a) +§ (2.6)

Thus, in the fovea, the mapping is essentially lin€Eae magnitude of the derivative of the

mapping gives an approximation to the cortical magnibcation factor:

d

—f‘:

1

Z+a

c 2.7)

Which is approximately constant fox<a. The complex log transformation of equation (2.5)
therefore smoothly varies from a linear map in the fovea, to a logarithmic map in the periphery
with the magnitude ad controlling the size of the region of approximate lineafiityis is in con-
trast with other techniques which explicitly overlay a Cartesian fovea on a log image to obtain a
similar efect (Sandini and Darid,989; Sandini eal., 1989).

Equation (2.5) is analytic everywhere in the domain and is hence conformal, implying that
local angles are preserved by the transformation (Churchill and Bi®84). The singularity at
the origin for the more commonly used complex log mappinlpg(z) is removed at the cost of
mapping the two hemibelds separately and managing a discontinuity along the vertical meridian.

The full form of the mapping for both hemibelds given by

log (z+a) Red(z)2 0

: (2.8)
2log (a) Plog (Bbz+a) Rea(2)<0

!

w =1

|

Figure (2.1) shows an example of an image, and its complex log transformation for a variety

of values of the map parameterAs can be seen, decreasing the value(afoving from left to

right) increases the magnibcation of the map, corresponding to an increased foveal representation.

1. The complex log transformation requires a branch cut which divides the complex plane along the imagi-
nary axis. This division was originally motivated by brain anatomy: the two half-planes in the range of the
mapping correspond to the primary visual area in each hemisphere of the brain.
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The original image on the left contains 512x512=256K pixels, as compared to the images after the
complex log transform which contain 14,307 pixels, 5,000 pixels, and 496 pixels respectively (see
(Rojer and Schwart4,990) for a complete discussion of the details involved in the design of a
complex log transformation). Thus, algorithms can be expected run an order of magnitude or two
faster in the log domain as compared to the Cartesian one in contemporary machine vision imple-

mentations.

Figure 2.1 hee

3. Space-variant metric tensor and diffeential operators.

In this section we compute the metric tensor of the complex log mapping, as well as the form
of theN operatoywhich yields the space-variant form of the gradient, the givere, as well as
the N2 operator in the new coordinate system. The metric tensor expresses how the standard Car-
tesian metric induces a metric in the complex log domain. Used in conjunction with the conformal
nature of the mapping, the metric tensor yields a simple derivation of the formN\obgherator

in the log plane.

1. Rojer and Schwartz (Rojer and Schwal®90) estimate that for biological systems the increase in speed
can be up to four orders of magnitude.



Space-¥riant Local Structure. Page 10

As noted in section (2), the complex log coordinate transform considered in this work is of the

form:

w=log(z+a),al A, zwl C, Re(2)30 (3.1)

More explicitly, the log coordinates,{ ) are given in terms of their Cartesian counterparts

(x,y) by:

F= ] 2 20 Bl 0
r = loggw (x+a) " +y g, f = tan ge(xZa)g (3.2)
The inverse relations are:

x = e cosf Pa, y = e sinf (3.3)

The log mapping of equation (3.2) as well as the inverse mapping given by (3.3) are both ana-
lytic everywhere in their respective domains, and are hence conformal. This has a number of
interesting and useful implications. First, the conformal nature of the mapping ensures that local
angles are preserved (Churchill and Brow®84). This in turn implies that the log-polar coordi-
nate basis is orthogonal when projected into Cartesian space. This fact will be used to simplify the
derivation of the log domain gradient in section (3.2.). Second, given any conformal mapping
w(z)=u(x,y) + i v(x,y) the Cauchy-Riemann equations can be used to relate the directional deriva-
tives of the coordinate functions as follows (GreeghE988):

fu_9Tv Tu_ v
_____ pv 4
ix Ty’ Ty Mx (3.4)

These relationships follow directly from the path-independence of tieeatifiability ofw,

and ensure that the metric tensor has a simple form, as will be shown in the next section.

10
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3.1. Metric tensor of the complex log mapping.

A useful way to understand thdegdts of the complex log transformation on the standard Car-
tesian operators is in terms of the metric tensor of the complex log domain. The metric tensor
expresses how distance in log space relates to distance in Cartesian space. Because the coordinate
transform is space-variant, the metric tensor is not constant as it is in the Cartesian plane, but
rather varies as a function of log coordinate. Form#ily metric tensor of a transformatioa
from a {,f ) coordinate system into ar,Y) coordinate system (such as equation (3.3)) is given by

T= ézf’zfrjéz“zf: (3.5)
&, 7,11 &z, 7l

Where theg are vectors whose elements are the derivatives of the new coordinate functions
with respect to the subscripted variable. The metric tensor is a multilinear map which describes
what happens to an inbnitesimal length element under the transformation. That is, gifezn a dif
ential vectodv=(dr, df ) in the(r, f ) domain, the metric tensor can be used to calculate the Carte-

sian length oflvin the transformed coordinates
&dv, dvii = dv' Tdv (3.6)

where the components ofin the log plane can be computed from equation (3.3)

2r
XX VY XX TV Y - e 0

X X+ Y ¥e o XX Vi Vs 0 &

T = (3.7)

The diagonal form of is not coincidental, but is rather a direct consequence of the conformal

nature of the complex log map via the Cauchy-Riemann equations. In this case, the Cauchy-Rie-

11
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mann equations insure thaty; andx; =-y,. Given these relationships, it is apparent that the of
diagonal terms ifT must cancel, and that therefore the metric tensor of any conformal mapping
has the fornT=A dj (i.e. diagonal, with equal elements along the diagonal).

Examining the metric tensor yields some insights into the geometry of the log plane under the
induced metric. From equation (3.7) we can see that as distance from the fovea increases, the Car-
tesian length of a log domain vectpis scaled by". Converselythe length of a Cartesian vector
v, mapped into the log plane shrinks by a facta ofdue to the compressive logarithmic nonlin-
earity This fact has direct implications for fdifentiation in the log domain as will be shown in

the next section.

3.2. Space-¥riant form of Nf.

A straightforward, although tedious way to compute the space-variant form of the giadient

to use the chain rule to expréékin the new (,f ) coordinate system:

Rif = éaa[f I + af qf (')'i +§:GTf Ir | 9If if 0. (3.8)

Trx e ey T y?

To complete the transformation, the partialsf ,, r, fy as well as the unit vectoreindj would
have to be calculated in terms of the log coordinatasdf .

Instead of taking this approach, we proceed as follows. As noted in the introduction to this
section, the conformality of the log mapping implies that local angles are preserved by the trans-
formation. This simplibpes the derivation consideraBlyecibcallyit insures that the basis vec-
tors of the(r,f) space which are orthogonal in the log domain, are also orthogonal when projected

into Cartesian space (see bgure (3.1)). Since the gradient is the combination of the directional

12
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derivative inanytwo orthogonal directions, we are assured that the gradient in the log space is of

the form

) Cw e
Rif = A(.r,f)"éaﬂlrer +#_fef8 (3.9)

where théA(r,f ) term accounts for the variation in length a vector experiences under the log map-
ping, ande, ande; are an orthonormal basis (in the induced metric) for the log domain. Note that
equation (3.9) holds fany conformal mapping, with the specibcs of the transformation

expressed in the cdetient functionA. Another way to see that the gradient must be of the form
given in (3.9) is to observe that any inhomogenous scaling of the basis vectors would result in the
angle between the gradient and the basis vectors befagedifin the two spaces, which cannot

be the case since the mapping is conformal. Using the chain rule we compute the I§iifh of
relative toff/qr (or, equivalentlythe length off/fx relative toff/|f):

qf Tx
Ixqr

Eer cosf

Ix

E
qr

= = = erﬂ
X

(3.10)

Which, of course, is exactly what the metric tensor indicates as well. This exponential scaling is
accounted for by thA(r,f) term. Normalizing the vectors in terms of the induced metric gives us

an expression for the gradient in the space-variant démain

~o o pradf m o
Nf = e e‘"—rer +ﬂ—fefg (3.11)

1. Note that this derivation does not account for the varying support of each log pixel. As
one moves into the periphery of the log plane, each log pixel is typically generated by
averaging a layer region of Cartesian space, both in the mammalian retina and in machine
vision systems. The averaging is done to avoid aliasing in the perighdrattenuates

high frequency information, partially fsetting the need for a negative exponential
weighting to account for varying pixel separation.

13
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From equation (31 it is apparent that th& has the general foret” (1/1r e, + T/1f &)
which allows the direct computation of quantities such as thegdimee and the curl in the log

plane.

Figure 3.1 hee

3.3. Space-¥riant form of N-.

The form of the divegence of a vector beld in the log plane can be calculated in a straightfor-
ward manner using the form of tieoperator derived in the prior sectiom do so we will
require the derivatives of the log plane orthonormal basis vegtarsde; with respect to the log
coordinates. Like their polar counterpagsande; do not change in the radial direction and
hence both derivatives with respect tare zero. @ calculate the change in the basis vector with

respect to the angular log coordinate we use the chain rule as follows:

— T om0 _ I nane T
e = cosfﬂ—x+ smfw,ef = costE)smfﬂ—X (3.12a)
Te, _ Toas T 0 & _ . o1 T _
T costDsmfﬂ—X = &, T Dsnfﬂ—XE)cost = be, (3.12b)

14
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Given these relations, the digence of an arbitrary vector beld whose components expressed
in the orthonormal log basis,( &) are ', ff) can be calculated as:

N B 5 f 0
Nxf =e ge‘ﬂlrer +."lfef8><gefr e +feg (3.13)

Using equations (3.12b) and the orthonormality of the basis vectors, thgetigersimplipes

to

st = &+ +10 (3.14)

where as before the subscripts indicate partiémihtiation with respect to the subscripted vari-

able.

3.4. Space-variant form of the Laplacian.

Given the divegence and the gradient, the calculation of the space-variant form of the Lapla-
cian is also straightforward. Using the diyence in the log domain as given by equation (3.14)
with the components of the vector pPeld being the components of the log domain gradient

(f.e"e +i €' &) as specibed by equation (B\¥ields a simple derivation of the Laplacian:

% = RxRf = ™ 837 7 5 + &1 67 5 +1 67 (3.15a)
b R’ = eag?f”ea DfreJar +fffeDr +freag = (f., +f) (3.15b)

Note, that as was the case for the gradient, the Laplacian is the sum of the second directional
derivatives in any two orthogonal directions. The conformal nature of the mapping again implies

the preservation of angles which in turn insures that the Laplacian is of thB@orm (f,, +f )

15
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The Laplacian, similar to the gradient, can be obtained by treating the log plane as a Cartesian
one, then weighting the result of calculating the standard Laplacian with a negative exponential in

twice the radial coordinate.

3.5. Space-¥riant form of Nxf.

UsingN as a vector operator we now compute the curl of a vector beld whose components in

the orthonormal log basis,( &) are ', ff).

< Br 0 - f_ 0
N f=¢e geﬂlrer +‘”1fef?j §r e +f &g (3.16a)
=e’ eDrﬂllrgef'rer +f ef8+ e ﬂlg? e +f eﬂ,j (3.16Db)

_ , &b i f 0 , &b, r B f B r B f 0
=€ g€ f - te fegte ge fie +te fiee+e febe fey (3.16¢)

~ Br aef r
f

p R f=e"F off +1] (3.16d)

4. Differential Geometry.

In the prior section we treated an image as a scalar beld over a sub&etiofvever an
alternate and equally valid approach is to consider it as a surface embeddethithis formu-

lation the image is given by a set of poifits

S={(xy.2)]|zbl(xy) =0} 4.1)

wherel(x,y) is the intensity function of the image. The S&t said to be aegular surfacef it is
locally diffeomorphic toh 2 (Carmo,1976). Given this propertyhe surface can be parameterized

by a set of maps:U;® S, UI Rz(note that bold faced symbols denote maps in this section). Each

16
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x; takes points in a neighborhobdof A2 and maps them into points on the surface, thus describ-
ing how to construcsfrom pieces of the real planeodetheythe maps; cover the surface and
debne a coordinate system on it. The signibcance gfithéhat they allow calculus to be applied

to the surface through the mappings (assuming they themselveskaiesiy smooth). Symbol-

ically the maps are written as

X, (Uv) = (x(u,v),y(uv),z(uv)), uvl Ul A% xvyzi A® (4.2)

A simple and natural parameterization of an image suBasgiven by:

x(uv) = (uv,l(uv), uvi A? (4.3)

A parameterization of a surface is not necessarily unique féelit parameterization can be
obtained by dePning a mapping from an opetJseat the plane of some new parameteffsto
the domairlJ of x in theu-v plane. If the mapping is 1-1 and the determinant of the Jacobian of
the transformation is non-zero in the domain, then the mapping is calkidid\aable parameter
transformation(Lipschutz,1969, page 157), and can be used to pass back and forth between the

two domains. The log mapping of equation (2.8) is an allowable parameterization as

1(r,f)
(u,v)

r r r r .
:[u\i: e cosf esinf|| _ 27, g (4.4)

fu fy pe’ sinf € cosf

Thus, the parameter transformatian, f) , r, f) is allowable, and we can use it to parame-

terize the surface in the following wagsee bgure (4.1)):

1. The inverse of an allowable parameter transformation is also allowable.

17
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8

x(U(r,f),v(r.f)) = && cosf Da, & sinf, 13 cosf Pa, €' sinf g, (4.5)

log(a) £r £log(a+R

max) !

p
Dgﬁf £5 a>0

WhereR,, 4« is the maximum radius in the visual Pedds a real positive constant, andnd
f are the coordinates of the log-polar domain as debPned in section (2). In a slight abuse of nota-
tion, in this section we will usér,f) to denote the image in log coordinates, that is

I(r,f)=I(e" cod -a,d sinf).

Figure 4.1 hee

Just as a curve i3 can be uniquely specibed by two local invariant properties (the curvature
and the torsion), so too can a surface be uniquely debned by two local invariant properties known
as the prstlj and the secondl( fundamental forms. These properties are invariant in the sense
that they are functions of the surface, and not the parameterization (i.e. they are invariant under a

parameter transformation). The components of the brst and second fundamental forms are widely

2. To cover the surface we need a second parameter transforotidry), v(r ',f ") corresponding to
Real@)<0 in equation (2.8), whose domain is the left hemibRIBEFED /2. This extension is straightfor-
ward, and for brevitgake we leave it as an exercise for the reader

18
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used in computational vision, and in this section we will derive the form they take in the log

domain using the parameterization of equation (4.5).

4.1. The First Fundamental Form.

The brst fundamental form of thfential geometrydenoted, is used to compute metric
properties of a surfac® such as length, area, and angle, and is closely related to the metric tensor
computed in section (3.1l)is a mapping which takes tangent vectors in the plane of the parame-
terization to tangent vectors on the surface. The surface tangent vectors can then be used in the
same way as tangent vectors in the plane, i.e. to compute the angle of intersection of two curves,
integrated to yield the length of a curve on the surface, etc.... Forthallyrst fundamental form
| of a surface& at a poinp=(ug,Vp), given a parameterization is a quadratic positive debnite

form debned on a vectw=(du, dy in theu-v plane given by:
. ~ E F||du
| (w) = &aw, = (4.6)

whereE, F, andG, the codpcients of the brst fundamental form, are functiorng ahd are the

components of the metric tensor of the surface:

E(up Vy) = ax, xuﬁp, F(up Ve = ax, xvﬁp, G (U V) = &, xvﬁIo 4.7)

where the subscriptsandv indicate diferentiation with respect to the subscripted variable, and
the inner products are evaluated at the paifithe Prst fundamental form uses the metric tensor
of the parameterization to express how the standard Cartesian métfinicduces a metric on

the tangent plane of the surface at each point.

19
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We can obtain an expression for the pbrst fundamental form using the Cartesian basis and the

parameterization given by equation (4.3):

x, = (1,0,1),x,= (0,1,1) (4.8)

E(UyVy) = 1+15, F(Upvy) =10, » G(ugyvy) = 1+1 (4.9a)
1+12 10| [y

o (du,dv) = [qu dy] u v [“} (4.9b)
1, 1+12/19v

Calculating the prst fundamental form using the log domain parameterization is now straight-
forward. We apply equation (4.7) to the log domain parameterization given by (4.5) at the point

g=(r o.f g). To do so, we must calculate the prst derivatives of the mapping

X, = gee cosf , € sinf, | geDe sinf, € cosf, I, (4.10)

v hr ﬂ f
The coelpcients ofl in terms of the complex-log variables are then given by

E(rgfy) =€ +12, F(rgpfy) =11, G(ryfy) = & +17 (4.1)

The native log domain form of the Prst fundamental form is thus given by:

2r 2
ECFd |dr e+l Ll Jidr
| = [ar df][ j[ } = ldr df] (4.12)

From equation (4.12) it is clear that for a constant surface the brst fundamental form reduces
to the metric tensor of the coordinate transformation given in equation (3.7), as one would expect.

Example: Consider the upper hemisphere of the unit sphere covered by the parameterization
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x(uv) = SPU, v, «/115)u2 szg, geu2+v28< 1 (4.13)

In Cartesian coordinates we have:

N -
x, = 31,0, S DU’ DVYy g, X, = G0, L VLU BVy g (4.14)
1iE)v2 uv 1E)u2
E=—F— F= >3 C 7 2.2 (4.15)
1Dbu bv 1Dbu bv 1Dbu bv

The brst fundamental form can be used to calculate the length of aa¢t)rakong the sur-
face by integrating the square root aff the tangent to the curve aloaf). For example, the

curvea(t)=(t,0) in theu-v plane gives rise to a curve on the sphere whose length is given by

J

s@() = Gl @Mt = /l—é—tzdt = " & @ p1?

52055
2

0 (4.16)

In terms of log coordinates, the same region of the sphere is parameterized by:

x(r,f) = ¢ cosf Da, € sinf, Jdg, d>0 (4.17)

where we have debneld= 1-a2-% +2a€ cod for conciseness. #can now directly apply equa-

tions (4.1) to calculate the coetients of the brst fundamental form in the log plane:

2r &8 r 02 2r &8 ro . )
2r € gacosf be g ae gacosf be gsinf o a’e” snf’
E=e + . F = . G =& + =0

(4.18)

Using equation (3.2) we calculate the formadt) in log coordinates to be(t)=(log(t+a),0)
which impliesa'(t)=(dr,df )=((t+a) '1,0).The length of(t) on the sphere calculated using the log

parameterization is then
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(t+a)’t? 6 1
1Ppa’P(t+a)’+2a(t+a)o(t+a)’

_J e 2 o J 1
s(a(t)) = qjg(t+a) + dt = Q Etzdt (4.19)

which serves both as a check that (4.12) is correct as well as an example of the invatiance of

under a change of parameters.

4.2. The Second Fundamental Form.

The second fundamental form of a surface is a second order quadratic form which yields
information about the local characteristics of the surface relative to the embedding %pﬁoe
example, the cobrtients of the second fundamental form determine which side of its tangent
plane the surface lies on in a neighborhood of a point, and therefore can be used to classify the
point as hyperbolic, parabolic, elliptic, or planake the brst fundamental form, it is invariant
under a parameter transformaﬁoﬁogetherthe prst and second fundamental forms uniquely
determine a surface up to a rigid transformation.

The second fundamental form is debned in terms of tferetitial of the normal vector beld
of the surface. Given a regular surf&®gether with a parameterizatinmebned otJiA 2 we
can construct a unit normal vector Beiito the surface by taking the vector product of two lin-

early independent tangent vectors to the surface at each point:

c

_ XU XV
N(q) = X, U, (4.20)

u V|

The mappindN:S® S from the surface to the unit sphere is called3aess mapf S. The

differential of the Gauss magiN, measures how rapidly the normal vedtopulls away from

1. If a parameter transformation reverses the orientation of the normal vector beld then the second funda-
mental form changes its sign.
2. The choice of sign for the unit normal is arbitrary
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N(q)in a neighborhood of the poigt When represented as a matrix in the bagjx{} the deter-
minant odeq is theGaussian curvat@wK of Satq, and the negative of half the trace is known as
themean curvatueH of Satqg. The second fundamental form®ivhich takes a vector if;Sand
returns a measure of the curvature in that direction is also debned in terms déthataif of

the Gauss map by (Carni76, page 141)
I Iq (w) = E)équ (w), wi (4.21)

If wis a unit vector then the second fundamental form gives the normal curvature of any curve
parameterized by arc length passing throgi¢ggngent tav. The maximum and minimum curva-
tures at a point are denotlegdandk, respectively and are known as firercipal curvatuesof S
atg. The corresponding directions are caltenhcipal directions The Gaussian and mean curva-
ture are given by the product and average of the principal curvatures respelctitredybasis

{xyX\} the second fundamental form is given by

I (du,dv) = bud@[?j[gﬂ (4.21¢)

where the coéfcientse, f, andg are*

e = éN,xuuﬁq, f = &\, x A, g-= é\N,xWﬁOI (4.22)

Using the above dePnitions, we can compi(tp for the standard Cartesian parameterization

given by equation (4.3) as

(81,8, 1)
N(q) = ——— (4.23)

2 2
[L+15+1]

1. Some authors use the notatigrM, Nfor the codpcients of the second fundamental form.
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The coelpcients are then given by

uu

ez — 44 f- ___W g=+ (4.24)

2 2 2 2 2 2
[1+1,+1, [1+1,+1, [1+1,+1,
The Gaussian curvatukecan then be computed from the deaénts ofl andll as follows:

2

K = eng2 - IquVVDIUV (4 25)
2 52 '
EGDF™ & +124129
Similarly, the mean curvatutd is
& 20 & 20
H = 1eGD2fF + gE _ el+lygl,, P21 11, +el+lgly, (4.26)

2 EGHF’ )
2?" + Iu + Ivﬂ
The same procedure can now be used to calculate these quantities in the complex-log domain.
Using the parameterization of equation (4.5) we obtain an expression for the surface normal in

log-polar coordinates:

X, UX g?fsinf bl cosf, DI, cosf BI_sinf, ezrg

N(q) = < = (4.27)

|xr Uxf| 2r 2 2

e +I +1

The second partials of the log domain parameterization are

X o = geer cosf, € sinf, Irrg (4.28a)
X, = gbe' sinf, € cosf, I 5 (4.28D)
X, = $be cosf, De sinf, 1. g (4.28c)
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where we have assumed things arésigintly smooth such that all mixed partials are equal. The

coebcients of the second fundamental form in the log domain are then given by

r
e (I, bl
= &N, x f :___E_r_r__r_) (4.29a)

rr'q 2r 2 2
e +Ir+If

e (I, D)

= &N, x i = —m——M————
f rf'g r 2 2
e +17+1;

r
_ & Ut (4.29¢)
r 2 2 '
+Ir+|f

(4.29b)

g-= aN,xffnq

As before, we calculate the Gaussian and mean curvature using theieotsf of the brst and

second fundamental forms

2 2 2
= Dl Pl B+ 201 B+l *1e 1 (4.30)

& 2r 2 20
ée +|f+|rﬂ

2p 2 2 .3 2p 2
H = e Iff-*-lflr+|ff|r+|rj'5)2|f|r|rf+e Irr'l-lflrr
3

pee2r , 2, 202
288+l +1 g

(4.31)

Example: Continuing our prior example, we again consider the upper hemisphere of the unit

sphere covered by the parameterization

& [ 0 & 0
x(u,v) = auyv, lDuzszg, éU2+V2g<1 (4.32)

Since the curvature in any direction at every point on the sphere is given ibysldlear that
the principal curvatures are both equal to 1. This implies that the Gaussian and mean curvature are

also unity Verifying this is a straightforward computation. In Cartesian coordinates we have:
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x 0 x (6]
a éVZD].g a Buv _ éUZDlg
lou = T 3w T T L = EE (4.33)
& 02 & 02 & 02
S1pu’DVy S1pu’DVYy S1pu’ DV

The coelpcients of the second fundamental form (equation (4.24)) are then given by

2 2
e:V—Dl,f—&,g—u—Dl (4.34)

1Pu> DV 1Pu> DV 1pu> DV

Computing the Gaussian and mean curvatures from the@eafs we obtain

% 6oL
« - egBf _ 1By _ . . _ 1eGD2F+gE _

EGOF’ & pu?pd 2 EGHF’

1 (4.35)

As noted previous|ythe same region of the sphere is parameterized in terms of log coordi-
nates by
xXr r . 0}
Xx(u(r,f),v(r,f)) = &e cosf Pa, e sinf,Jdg d>0 (4.36)

where as before] = 1-a-¢% +2a€ cod for conciseness. The brst and second order partials of the

intensity function with respect to the log coordinates are given by

o) 0 ,En. . .0 .
I, = eréacosf pe’ gdms, I, = gi“)aersnf gdms (4.37a)
) ) - £8
& 0 . ree o] .
I, = eréacosf pe’ gdeE)e gacosf E)erg d2 E)e2r d805 (4.37b)
i - £8
0 ms5 & r. 0O
lee = gelliher cosf gdeE)éaersmfg d? (4.37c)
8

(4.37d)

& r . 02 r 0,2
|, = eae sinf gea” D1 Dae cosf gd
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We now apply equations (4.30) to calculate the Gaussian curvature directly in the log domain

2 2
rDIr+2|f|rfD|rf"+|ff|rr+|r|rr -1 (4.38)
ax2r

2

bl; bl |

_ Pl Py
K =

e 2, 202

g€ Y

which illustrates the invariance of the Gaussian curvature under a change of parameters.

5. Results.

In this section we present a few examples to illustrate how results derived in the prior sections
can be used to modify a variety of image processing algorithms to run directly in the log domain.
In the Prst two parts of this section we illustrate the use of the gradient and Laplacian in the log
plane on simple synthetic images, and verify the results analytita#igction (5.3.) we use the
metric tensor of the mapping to convert between degrees of the visual Peld and millimeters of pri-
mary visual cortex. In section (5.4.) we modify a more sophisticated algorithm, the corner detec-
tion technique of Deriche and Giraudon (Deriche and Giraut#88), for use directly in the
space-variant coordinate system. Finahysection (5.5.) we derive a numerical implementation
of anisotropic difusion (Perona and Malid,987, Perona and Malik990) for multi-scale image
enhancement in log coordinates. The form of the simple numerical implementation in the log
plane is shown to be equivalent to a sophisticated variable grid size integration of the underlying
PDE, and may have implications for the possible neurophysiological correlates of perceptual bll-

ing-in in primary visual cortex.

5.1. Gradient magnitude.

As an illustration of the validity of equation (3)Ifor gradient calculation in the log domain

we construct an image which is a ramp function inttheordinatd(x,y)=x. In Cartesian space,
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the gradient of this image has constant magnitidlé=(]). Figure (5.1) depicts the image, its log
transform, and the two methods of gradient magnitude calculation. The third image from the left

is the magnitude of the gradient treating the image as a Cartesian one. As can be seen, the gradient
magnitude varies across the image, growing with increasing radial coordinate. In contrast, the
image at the far right is generated by using equatiod)8lcalculate the gradient magnitude. It

is approximately constant as is appropriate. Analytically this result is straightforward. Using

Figure 5.1 hee

equation (3.1) to calculate the gradient in terms of complex log coordinates yields:

NIEe cosf a, € sinf g = NEe cosf Pag = Seosf e, Dsinf efg (5-1)

Computing the magnitude results i |rco$f +sir’f =1 as expected.

5.2. Laplacian.

To illustrate the use of the modibed Laplacian operat@mgenerate a Cartesian image which

yields a constant value when operated ofNByin polar coordinates the intensity function is
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given byl(r,q)=r 2 wherer is the distance from the center of the image (i.e. a paraboloid). The
Laplacian of this image is given lﬁyﬂl(x2+y2):4. Figure (5.2) shows the results of applying an
unmodiPed Laplacian (second image from the right) which yields varying values across the

image, and the modibed Laplacian (far right) of equation (3.15b) which is appropriately uniform.

Figure 5.2 hee

As before, we can easily verify the result analytically using equation (3.15b):

~2 kr r . .0 ~ 28 2r 2 r (0] Perae, 2ro
N-lge cosf Pa,e sinfg = N'gae” +a D2ae cosfg=e gde g=14 (5.2)

5.3. Metric Tensor: conversion between deges of visual Peld and millimeters of cortex.

One use for the metric tensor of the coordinate transformation is the conversion between
degrees of visual Peld and millimeters of mammalian primary visual cortex. This is useful in the
context of experiments which posit a neural substrate of a visual percept. The metric tensor allows

conversion of distance and velocity in the visual beld to the corresponding quantities in primary

visual cortex, permitting comparisons of visual phenomena with physiological estimates of neural
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conduction velocities. In that vein we will use Chervin and colleagstiinate of the lateral sig-
nal velocity in primary visual cortex of 0.06-0.09 m/sec (Cherval.e1988).

In order to compute the number of millimeters of primary visual cortex that a neural signal
must transit in order to follow a given path in visual space we must calculate the length of the path
in Cartesian space using the intrinsic metric of the log domaim@e formally the metric
induced on Cartesian space by the inverse log mapping). This involves inverting the metric tensor

of equation (3.7) and expressing it in Cartesian coordinates:

- ]
2 2 0
T = | (X+a) +y (5.3)
0 12 2
i (x+a) +y]|

Given a parameterized curagt)=(x(t),y(t)) in Cartesian coordinates, the cortical length of

the path can be written in terms of the metric tensor as follows:

T,

.. T, "
(0} e (0}
s(a (1)) cortex = bjg[x@t) y@t)] TDl |:X@t)} +dt = éjg&iyéj+dt (5.4)

T, yqt) |2 T, C(x+a) +y?

whereT; andT, are the starting and ending eccentricities respectiVelgompute the length of a
path in millimeters of primate cortex, we require a reasonable valagdsrwell as reinstating
the scale factoK dropped in section (2.1.). Estimates of the valug\adry widely in the litera-
ture from as low as (P20 as high as%(Schwartz,1994; \danEssen eal., 1984; Dow etl.,

1985; Tootell etal., 1988; Levi efal., 1985). Setting=0.6 degree=5 mm/degree (Rojer and
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Schwartz,1992) for macaque ar¢=7 mm/deg for humanand choosing a path along thaxis

given bya(t)=(t,0) which results in a straight line in the range of the mapping, we obtain

T,

5(a (1) oriex = KO /g&(iT)zgdt = K (log (a+T,) Plog (a+T,)) (5.5)

T

Thus, a horizontal visual path frofi @ 2.5 corresponds to a cortical length of approxi-
mately 8.2 mm. Since primary visual cortex in the macaque is about 40 mm in length, we bnd that
a path crossing the central 5 degrees of the visual Peld maps to a cortical path of about 16.4 mm or
approximately 41% of the total length of V1 in the macaque, in rough agreement with the bgure
cited by (Wlson etal., 1990). Setting’;=0 andT,=4 yields 20 mm of cortex devoted to the cen-
tral 8, as noted in section (2.1.). One point to note in this context is that the variance in the esti-
mates ofa andK introduce errors in the estimates of cortical velocities which are nonlinearly
dependent on eccentricitgnd can be as much as a factor of 5.

The brst example of the use of these equations will be taken from the physiological experi-
ments of &i Sing Lee (Lee]1995). In this research, monkeys were shown images of texture
squares and strips while recording were taken from cells in primary visual cortex. Cells in V1
near the center or medial axis of the square experienced a delayed enhancement in their bring
rate, approximately 50-120 milliseconds slower than V1 response lafdregtimulus size was
40x40 with the monkey initially foveating the center of the stimulus, indicating that a correspond-
ing neural signal laterally traversing primary visual cortex would have an initial eccentricity of

20, and would propagate inwards to the center of the fovea. Thus

1. Human primary visual cortex has about twice the area of a rhesus mamttelyerefore units of area are
scaled by 2, and units of length 68 (Schwartz]1980).
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s(a (1)) gortex = 2(log (0.6 +2) Dlog (0.6)) = 7.33mm (5.6)

Dividing by the measured delay range yields a required signal velocity in the range 0.06-0.15
mm/msec.

Our second example comes from psychophysical experiments performed by Paradiso and
Nakayama (Paradiso and Nakayad®91). In an dbrt to probe the temporal characteristics of
perceptual Plling in they presented brighgtds followed by a delayed mask, and measured the
longest delay at which the mask could inhibit the perception of brightness at the center of the tar-
get. Using a least-squares bt they estimate the rate of perceptual blling in as rbogtd9 1
degrees/second. Paradiso and Nakayama then translate this into cortical velocities using LeviO
(Levi etal., 1985) estimate of magnibcation in human primary visual cortex, arriving at cortical
velocity estimates in the range 0.15-0.40 mm/msec. Paradiso and Nakayama note that this compu-
tation ignores the possibility that speed may change with eccentricity (Paradiso and Nakayama,
1991, page 1233). Using equation (5.5) with the human estimite7ainm/deg, together with
the data they present in Fig. 5 (distance betwegettand mask versus time to half maximum),
we compute a required cortical conduction velocity of between 0.015-0.064 mm/msec, well under

the maximum velocity cited above.

5.4. Corner Detection.

Deriche and Giraudon (Deriche and Giraudt®93) outline a sophisticated technique for
detecting and accurately localizing corners using the determinant of the Hessian of the intensity
function (yy lyy - Ixyz) at a variety of scales. The method is based on the observation that a corner
gives rise to an elliptic (positive curvature) maximum of the determinant of the Hessian in all

directions which moves through scale space. They note that the corner bisector line passes
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through the maxima at diérent scales as well as the exact location of the cofhey construct
the bisector line by bPnding elliptical maxima at 2 or more scales, then search for a zero crossing
of the Laplacian along the bisector line, using it to specify the corner location.

We illustrate the transformation of this algorithm into the log domain using a synthetic

smoothed corner at the Cartesian origin generated by

1
X 66 ey _00
aegL erfefcﬂﬂ? erf e /coe (5.7)

whereC is a real positive constant which modulates the degree of smoothingyf@the stan-

dard error function debPned by

2

e dt (5.8)

erf(x) = Jﬁq

Using either the chain rule or the invariance of the Gaussian curvature to a reparameterization,
we can calculate the determinant of the Hessian in the log plane as
2 2 2
Bl Dl I DI +211 ( Dl + +1 1

Il
DET = r . ffirr rrr (5.9)
e

Choosing the map parameteto be 1/(®) we transform the corner into the log plane, then
compute the determinant of the Hessian directly in the space-variant domain using equation (5.9),
as depicted in bgure (5.3). The local maximum in the log domain Hessi@nZarccurs at
(r 1,f1)=(0.5725,0.7219) which, using the inverse transformation of equation (3.3), maps to

(1.171,1.171) in Cartesian coordinates. Repeating the procedureCssingelds

1. The determinant of the Hessian and the Gaussian curvature always have the same sign.
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(r »,f5)=(1.234,0.753) which corresponds(xgy)=(2.343, 2.343). dgether these two points

Figure 5.3 hee

debne the corner bisector line on which the actual corner point is constrainedremiéorming
y=mx+b into log coordinates yields the equation for a log line:

2 mabb §

r(f) = l0ge st Dant 2

(5.10)

Next, the coordinates of the maxima of the Hessia/ {), (r »,f ) are used to solve for the
slope and intercept, obtainibg0, m=1, which specibes the proper Cartesian bisector line.

Finally, we search the log lingf )=log(a/(cosf )-sin(f ))) for zero-crossing of the log domain
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Laplacian given by equation (3.15b), and bnd that the zero of the Laplacian occurs at

(r of J=(log(a),0) corresponding to the Cartesian origin, which is the correct corner location.

5.5. Anisotropic Diffusion.

Another example of a sophisticated image processing technique which can be modibed to run
in the log plane is the anisotropicfdgion for image enhancement proposed by Perona and Malik
(Perona and Malik1987, Perona and Malik990). They suggested that a nonlinediudibn
eqguation in which the value of the conduction bagnt is inversely related to the local gradient
magnitude could be used to enhance edges while smoothing regions. Thus, they treat image inten-
sity as a conserved substance and allow it faséfover time by integrating the following nonlin-

ear partial diferential equation:
I, = Nx(c(INI])NI) (5.11)

wherel, is the derivative of the intensity function with respect to timetloperator is with
respect to the spatial coordinates, and the conductandece®t() is a function of the image
intensity gradient magnitude.

The Perona-Malik equation (8.)lis a nonlinear partial dérential equation of a type which is
difbcult to analyze. It has been suggested (Nitghad Shiotal992) that (5.1) is unstable for
some parameter regimes, although this is still a point of investigation (Peaind @94). Fur-
thermore, it can amplify small scale noise which gives rise to high gradient magnitudes. Many
variants of the Perona and Malik scheme have been proposed to improve its sensitivity to noise,
its instability and its equilibrium behavior (Alvarez &t, 1992; Catte eal., 1992; Dang eal.,
1994; El-Fallah and Ford994; Engquist edl., 1989; lliner and Neunzeri993; Li and Chen,

1994; Nitzbeg and Shiotal992; NSrdstrom1990; Osher and Rudih990; Pauwels &tl., 1993;
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Price efal., 1990; Whitaker and Pizet991; Whitaker1993; Cromartie and Pizef993; Kacur
and Mikula,1995; Malladi and Sethian995; Shah1996).
Using the space variant forms of the gradient (equatiof)j3ahd the diveyence (equation

(3.14)) we can write equation (8)lin log coordinates as

o e b B O _ b b, 0 e b, 0 i, 0
= Nxgte | e +ce lieg=6€ gate | g +ace I g +ce | 4 (5.12a)

= 787 (cl,), Bee” I, +e” (cl) +ce” 1,5 = e ((cl,) +(cl),) (5.12b)
where the, f andt subscripts denote partial ffifentiation with respect to the subscripted vari-
able, and we have suppressed tlgeisrents tac() andl() in the interests of conciseness. Using
equation (5.12b) and substituting it intoayTor series expansion barounadt=t; yields the prst

order approximation

| (ty+Dt) » 1 () + Dté%mr (cl, (tO))r + (cl (tO))fg (5.13)

Using a discrete lattice withr=Df=1, and considering the central pixe}(f o), and its four
connected neighbors{, f 1), (ro. f 1), (.1, f ), and € 1, f o) we use a centered fiifence approx-
imation of the derivatives in (5.13). Labelling these pixels with superscripts 0, B, 8\respec-

tively, we have

c" (tg) 15+ (tg) BC” (tg) 1" (to)

&0 0 0

& (to) I'r (to) g » > (5.14)
xS S N N o}

20 0 g eC (t)) 't (ty) Bc (ty) 1 ¢ (1)

S (tp) 11 (tg) g » 0 0 0 0 (5.15)

2
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We use both backwards and forwardeténces to approximate the partial derivatives with
respect to the spatial variables so as to limit the domain of our numerical implementation to the

four nearest neighbors of the central pixel
w 0 w E E 0
17 (tg) =1 (tg) B (L), 171 (tg) =17 (ty) Bl (1), (5.16)
N 0 N S s 0
s (t) =17 (ty) Bl (1), s (tg) =17(ty) BI"(ty)

Substituting (5.14), (5.15) and (5.16) into (5.13) we arrive at

1%(t, + Dt) » 1°(t,) 38.L£>0.5e52r DI ¢ (t,) 00 4+ 0.5¢™ DI ¢ (t) I ()8 (5.17)
ito0 ito

Equation (5.17) can equivalently be written as the correlation of the image with a set of space

and time varying masks

L(rf,1,+Dt) » Q &Kt (r6fQI(r +rgf +1¢t) (5.18)
r¢ fe

where the mask weights are given by

0 c" (ty) 0
E2r
ty e Dt 2r ; .
o= Ty s dgs Fy| 6w
ito
0 c>(ty) 0

In 2 dimensions the two components of the spatial gradient used in the computation of the
conductance function are calculated using a Sobel operator with a negative exponential weight as
specibed by equation (3)1 At brst sight equation (5.19) is distressing. It implies thaigidn

falls off exponentially in the peripherfhis makes perfect sense agudifon is a random walk
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process, and hence its propagation rate is proportiottﬂé?.t()' his implies that it requires expo-
nentially more time to difise across a peripheral pixel as compared to a foveal one. However
with the increased pixel spacing in the periphery comes increased numerical stabilipper
bound on the allowable stable time sman be computed using Fourigsn Neumann stability
analysis. In Cartesian space the numerical implementation will be stable if (Haberman, 1987):

(Dx)°

Dt£ 7c

(5.20)

If we chooset to be in the range (0,1] and [&t=1, we then havBt<=0.25 (the lower bound
onc is necessary given the ill-posed nature of the backwards heat equation (Hal&8wan,
page 74)). In the complex log plane the spatial grid of equation (5.20) is nonuniform. The inter-
pixel distance is an exponential function of the radial coordinate, which implies that the stability

constraint for an allowable time step in the log domain becomes

2r

e
Dt £ T (5.21)

Equation (5.21) has important implications. It suggests that the nonlinear PIEcgnlbe
integrated using exponentially ¢gr time steps in the periphergsulting in lage scale structure
enhancement in relatively few iterations. That is, we assumeithapproximately constant for a
pixel and its four nearest neighbors, and allow the integration to proceef@erdifates across
the log domain image. Of course this is at the cost of Pne scale image structure, but since such
details areri@reserved in the periphery by the log mapping this is not a concéeatily, the

space-variant time step allowsfdifent regions of the log plane to move through scale space at
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different rates - faster in the periphery and slower in the foveal region. Figure (5.4) is an example

using the above numerical implementation with a conductance function of the form

N1 62
~ e Ko
c(NI) = e (5.22)

wherek is a real constant which controls the relationship between edge strength and amount of
diffusion. Note that the log plane fdision is accomplished after only 5 iterations of the numerical
technique, yet lae scale structures such as the edge of the license plate and theheeyCre
signibcantly enhanced in that time dchieve comparable enhancement in the Cartesian domain
requires between 50 and 100 iterations. Thus, the complex log mapping itself provides one order
of magnitude compression, while the exponentidildibn rates allowable in the periphery of the

log map yield another factor of 10 speed increase by reducing the required number of iterations.
For example, the pepper image in the bottom row contains 512x152=262,144 pixels. Allowing
the Cartesian image to flise* for 50 iterations requires almost 1,400 seconds to complete on a
Sparc-20. The log mapped image in the third column is made up of 64x106=6,784 pixels, a com-
pression factor of about 40. Thedarscale enhancement seen in the image at the lower right is
achieved after only 5 iteration of thefd#ion equation directly in the log domain, requiring a

mere 4 seconds, a speed increase of a factor of 350. Given current DSP architectures, the complex
log mapping provides a means for performing anisotropfagidn for image enhancement in

real-time.

1. The Cartesian difsion is actually performed using the conductance function suggested by (El-Fallah and
Ford,1994) as the Perona-Malik scheme cannot handle the types of noise present in these images.
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Figure 5.4 hee

6. Conclusion.

In a deterministic framework, images are frequently treated in one of two ways: either as a
scalar beld over a subsetRf or as a surface embeddedh The former approach leads to the
use of the standard tools of multivariable calculus and integral transforms such as Fourier analy-
sis. The latter formulation brings the tools off&liéntial geometry to bear on image analysis,
yielding invariant quantities such as the brst and second fundamental forms. In this paper we have

shown how computational vision algorithms can be implemented directly in the complex log
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domain using both approachese Wave derived the form of the most commoredé#ntial opera-

tors,N andN2, which can then be used in the calculation of the gradient, curlgdivez or the
Laplacian in the log plane. In addition, we have viewed the space-variant image as a surface using
a different parameterization from the standard Cartesian one. This led to the development of the
prst and second fundamental forms in the log-domain, which yields both the Gaussian and mean
curvature.

These results specify the proper way to calculaferéifitial image structure in space-variant
images, and allows the modibcation of a variety of powerful image processing algorithms for use
in the log domain (e.g. Perona and MaliR87; Nitzbeg and Shiotal992; Deriche and
Giraudon,1993). From a computational standpoint, the form oftrendN? operator is particu-
larly appealing, as they can be calculated using existing algorithms for the Cartesian Laplacian
andN operators, the results of which need only be multiplied by a precalculated set of weights. In
addition, the form of the thesperators has implications for biological systems which employ a
space-variant mapping, and in fact the space-variant fofyinhais appeared in a recent model of
the superior colliculus (Opticath995).

The transformation of anisotropic filision for image enhancement also has desirable proper-
ties in the log plane, resulting in a simple method for using a space-variant time step to achieve
rapid lage scale enhancement in the periphery while preserving Pne details in the fovea. Finally
from a biological standpoint, any model of the mammalian visual system which includes the com-
plex log mapping must also account for the geometric warping the imagegoeslén passing to

the new coordinate system, using techniques such as the ones we have outlined.
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FIGURE 2.1. Example of an image (left), and its complex log transformation (right), for various
values of the map parametera. Note that deceasinga increases the epresentation of the foveal

region in the log plane. Dark aeas corespond to egions outside the domain of the mapping.

FIGURE 3.1. Representation of the elationship between the basis vectors and the gradient in th

two spaces. The mapping pserves the angles between the vectors, but not their lengths.

FIGURE 4.1. Graphical representation of the diffeent parameterizations of the same surface S.

FIGURE 5.1. Example of an application of equation (31) for calculating the gradient magnitude in
the log plane. Fom left to right: input image with intensity valuesl(x,y)=x; log map of the input
image; gradient magnitude calculated teating the image plane as Cartesian; and far right: gradier

magnitude calculated using equation (310).

FIGURE 5.2. Example of an application of equation (3.15b) for calculating the Laplacian in the lo
plane. From left to right: input image with intensity valuesl(x,y)zrz; log map of the input image;
Laplacian calculated treating the image plane as a Cartesian; and far right: Laplacian calculated

using equation (3.15b).

FIGURE 5.3. Top row: corner (left) and the determinant of the Hessian (right) in Cartesian coordi
nates. Bottom ow: complex log transform of the corner (left), Laplacian of the corner computed
directly in the log domain (middle), and the determinant of the Hessian computed éictly in the log

plane. The actual corner location is a zer of the log domain Laplacian at(log(a),0).
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FIGURE 5.4. Anisotropic diffusion (k=0.00075) in the Cartesian and log domains. Bm left to
right: original images, diffusion in Cartesian domain (50 iterations), complex log transform of the

original images, and images after 5 iterations of equation (5L1 directly in the log plane.

48



Space-¥riant Local Structure. Page 49

Figure 2.1

49



Space-¥riant Local Structure. Page 50

Figure 3.1
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Figure 4.1
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Figure 5.1
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Figure 5.2
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Figure 5.3
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Figure 5.4
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