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Abstract

Theuseofvisualrepesentationsn whichpixel-sizeandlocalneighbor-
hoodtopologyare not constantis termedspace-varianvision. Thisis the
dominantvisual architectue in all highervertebratevisual systemsandis
comingto play an importantrolein real-timeactivevision applicationsn
theform oflog-polay foveatingpyramid,andrelatedappioacheso machine
vision.

The breakingof translation symmetrythat is unavoidablyassociated
with space-variantision presentsa majoralgorithmiccomplicatiorfor im-
ageprocessingln this papemweusea Lie group appioachto derivea kernel
which providesa generalizationof the Fourier Transformthat providesa
guasi-shifinvariant templatematchingcapabilityin the distorted(range)
coordinate®f the space-varianmapping. We work out the specialcaseof
thelog-polarmapping,whichis the principle space-variantnappingin use;
in this casewecalltheassociatethtegral transformthe“exponentialchirp
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We use the term quasi-shift invariant to refer to the nonuniform sampling nature of
space-variant maps like the log-polar mapping. Thus, for example, if an objectis shifted
acrossthe aperture of a space-variant system, our methods will produce invariance up
to, but not including, the application of aband-pass Iter that is position dependent. This
will be made clearin the text.



transform” (ECT). Themethods, howevergenerafor otherformsof map-
ping, or warp, function.

Exampledromthetwo-dimensiona{imageprocessinglog-polartrans-
formation are presentedalong with the demonstratiorthat the ECT pre-
serveghefoveatingaspecbf the spacalomainmapping,andtherefoe pro-
videsaquasi-shift-invariantealizationfor theapplicationsof matchedlter
andphase-onlyiter . Thiswork providesfor the rst time,aconceptuaba-
sisfor combiningglobalspatialfrequencymethodswith space-variantap-
pingsin a way which is consistentwith the anatomicalfact that human
vision, at the corticallevel,takesplacein log-polarcoordinates.

Categories: Biological vision, real-time active vision, Low-Level Process-
ing, Shapeand Object Representation.

1 Introduction

This paper addressesa fundamental dif culty in performing frequency
domain image processingon image architectureswhich are strongly space-
variant, and, in particular, are described by the log-polar map, or one of
its variants. The log-polar map is of interestin computer vision for three
major reasons:

1. It has beenshown to be a good approximation to the image format
used in primate and human visual cortex (see(Schwartz, 1994)for a
review of the mathematical characterization of the anatomical struc-
ture of V-1), and would seemto provide advantagesto machine vi-
sion which are similar to those that are already understood to apply
to human vision.

2. It provides a continuum model for variable resolution, or foveating
pyramid architecturesin machine vision.

3. It provides a wide-angle yet high resolution (i.e. foveal) image for-
mat with attractive space-complexity. The compressionrelative to a
comparable space-invariant format is up to four orders of magnitude
for human vision (Rojer and Schwartz, 1990),and up to two or three
orders of magnitude for currently realizable machine vision systems
(Schwartz et al., 1995).



Real-time vision is an obvious area of application for this architecture, as
the vertebrate visual system seemsto suggest. Recently, a number of re-
search groups have constructed machine vision systemsbasedon this ar-
chitecture (Weiman, 1989;Balochand Waxman, 1991;Bedersonetal., 1992;
Engel et al., 1994;Sandini and Dario, 1989;Baron et al., 1995). However,
application in machine vision has been impeded by the general lack of
suitable image processingalgorithms for the dif cult application domain
presentedby the log-polar mapping. The presentpaper provides a possi-
ble solution to this quandary.

The speci c problem addressedin this paper is to develop a general-
ized form of Fourier Transform which may be applied in the space-variant
range coordinates of an image warp. The method used here is basedon
the use of Lie Group methods to formulate and then solve a speci ¢ par-
tial differential equation (PDE), following the work of (Ferraro and Caelli,
1988)and (Rubinstein et al., 1991),who used thesemethods in the context
of recognition of distorted patterns. In the present case,the solution of
the PDE determined by the Lie Group approach produces a space-variant
kernel which provides a shift-invariant property analogous to that of the
conventional Fourier transform. Using the kernel that we have derived,
which we call the exponential chirp kernel, it is possible to compute anin-
tegral transform with animage in, for example, log-polar coordinate form,
and yet retain the advantageous shift (and also size and rotation) invari-
ancesassociatedwith conventional Fourier analysis.

The log-polar ( or more accurately, complex logarithmic) map is de-
ned asfollows:

(1)

In this equation, is an experimental constant which is only of relevance
to the biological scalefactor of a particular map, and will bedropped in the
following discussion (see(Schwartz, 1994)for areview of estimatesof this
parameter),“ " areal constant (Rojer and Schwartz, 1990)that deals with
the singularity on the origin, “ ” representsvisual pixel coordinates, and
“ " representslog-polar coordinates. In the context of image processing,
the log-polar coordinate transform must be adjoined to an algorithm for
image warping, which expressesthe space-varianceof pixel size, aswell



Figure 1: Space-invariantimage.

Figure 2: Log polar space-variantvideo frame, xation point on left eye.

aspixel location. This can be stated asfollows: We associateeachpixel
from the range of the log-polar warp a set of domain pixels ,
where  representsthe set of domain pixels which would come, com-
monly, from a conventional t.v. image. Formally, using the notation

to representthe location of adomain pixel,

(2)

Thus, each pixel representsthe support of a small group of pixels in
the domain, whose size increaseswith increasing distance from the ori-
gin. The location of these pixels is expressedby the complex logarithmic
coordinate changeof eq.(1).

Figure 1 shows a conventional video frame.

Figure 2 shows alog polar mapping of Figure 1.



Figure 3: Inverse log polar space-variantvideo frame.

The log image has 2000 pixels, while the source image has roughly
256,000,yielding a compression of more than two orders of magnitude.
Given the ability to point the sensor(i.e. active vision), and appropriate at-
tentional algorithms to determine whereto move the sensor it is clear that
this architecture could be extremely useful. Yet, the size and the “shape”
of image featureschangesradically asthe “ xation” point is moved, asis
evident in the gur e. In other words, the good news of SV vision is that
enormous reductions in space-complexity can be achieved. The bad news
is that even the simplest image processing tasks can become extremely
dif cult.

Historically , there have beenthree approachesto this problem. First,
one might work in the inverse mapped log-polar image, as shown in Fig-
ure 3. This is the approachtaken in machine vision in the context of “pyra-
mid” algorithms. Thefoveating pyramid is adiscreteapproximation to the
“retina” asin Figure 3. But, the number of pixels in this image is equal to
that of Figure 1 (when representedin a device or memory with conven-
tional constant pixel architecture) , therefore sacri cing one of the princi-
ple motivations of the method. Second,one might precedethe log-polar
mapping with a Fourier transform, i.e. use a Mellin-Fourier transform,

In afull pyramid architecture,the number of pixels is 4/3 N, where N is the number
of pixels in the original image (Burt and Adelson, 1981),while in a“foveating pyramid”
(Burt, 1988)the number of pixels canapproximate the small number usedin the log-polar
representation.



as has been pointed out during the past three decades,e.g. (Brousil and
Smith, 1967;Casasentand Psaltis, 1976;Schwartz, 1977;Shengand Arse-
nault, 1986).Third, one may usethe connectivity graph of the transformed
domain (Wallaceet al., 1994).This approach cannot be generalized for fre-
guency domain applications.

The Mellin-Fourier transform is equivalent to applying the operations
of Fourier transform, log polar mapping, Fourier transform to the original
image. The rst Fourier transform is, up to a phase,translation invariant.
Thelog-polar transform provides size and rotation invariance, up to aspa-
tial shift (see(Schwartz, 1977))and the nal Fourier transform reducesthis
shift to aphase. The Mellin transform hasgeneratedafair amount of atten-
tion asan example of ageometrically invariant integral transform method,
and has been suggestedas a basisfor biological vision (Cavanagh, 1978),
although this must berejected(Schwartz, 1981)sinceit contradicts the fact
that human vision is strongly space-variant.

At this point, it is important to point out a fact which has not always
been emphasized. Although the Mellin transform technique does solve
the problem of working in a space-variant domain such as the log-polar
map, it does so, by, in a sense,“thr owing the baby out with the bath wa-
ter.” The initial Fourier transform, which nullies the unpleasant space-
variance of the log-polar map, also removes one of the the main advan-
tagesfor which the log-polar map was intr oduced (see(Schwartz, 1981)):
the log-polar mapping usedin the Mellin transform isin frequency space,
and thus, rather than having a “foveating” or space-variantvision archi-
tecture, the Mellin transform provides a “fovea” in frequency space. The
practical disadvantage of this is that it requires two-dimensional (FFT)
transform of the full rank image. This is computationally unfavorable
for many real-time vision applications, and obviates the space-complexity
advantages outlined above for the log-polar mapping. Furthermore, the
performance of the Mellin Transform in machine vision is compromised
by its space-invariance: small targets have small signal to noise-ratio in
the Mellin plane, and there is no possibility of “foveation” to impr ove this
problem. As aresult, the Mellin transform tends to perform very poorly
in realimaging applications.

In the present paper, we derive, using Lie Group methods, the ex-
ponential chirp transform (ECT), which retains the favorable translation
symmetry of the Mellin-Fourier approach,but doesnot require atransfor-
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mation back into the original image plane, and, moreover, provides the
possibility of “foveation”, i.e. provides a space-variant generalization of
the Mellin transform.

As outlined in eq.(2), we seeka form of space-variant kernel, which,
when used in an integral transform with a space-variant image such as
produced by the log-polar map, provides an analogue of the usual shift
property that the Fourier transform provides in conventional space-invariant
imaging. Speci cally, we wish our kernel to have the property that the in-
tegral transform with the image (in the range coordinate system of the
warped image) changesonly by a phase when a shift is applied in the
domain coordinates. Such a kernel would allow us to generalize Fourier
Analysis to space-variantmappings, and would allow an ef cient compu-
tation of the integral transform, since our range coordinate system has a
very small number of pixels. We will now provide a brief review of Lie
Group methods in partial differential equations, and we will then show
a PDE system whose solution is the desired kernel. This method may be
used in generalto setup the PDE system which solvesthis problem for an
arbitrary space-variantmapping. Then, we will demonstrate a solution to
this PDE system for the particular caseof the log-polar map. Finally, we
show several examplesin which we have applied template matching in a
simple optical character recognition demonstration using this methodol-
ogy, illustrating shift invariant template matching, performed with high
ef ciency in the log-polar image format.

2 Lie Group Theory

Consider the following invertible coordinate transformation in atwo-dimensional
space:

(3)

If eq.(3)is a smooth one-dimensional manifold (e.g. curve parametrized
by ) with smooth inverse map, such that:

(4)



where and aretwo parameters,then eq.(3)representsaone-parameter
Lie group, parameterized by ; identies the identity element(i.e. iden-
tity transformation):

(5)

Lie Group theory provides a useful link between two very different areas
of mathematics: group theory and dif ferential-geometry.

We can expressthe coordinate transformation using the following Tay-
lor's series,expanded at

(6)
where
(7)
Intr oducing the conceptof in nitesimal generatoflbragimov, 1994):
— — (8)

which can be used to generate a one-parameter group by dir ect solution
of the differential equation expressedin eq.(7),taking eq.(5)asinitial con-
ditions. The elementsof a Lie group may be also computed by the expo-
nential map (see(Olver, 1993)): .

Particular attention hasto be placed on the group's parameter, because
it generatesthe generic element of the Lie group. In particular eq.(5)can
be rewritten in this notation, where determinates the identity ele-
ment of the group:

(9)



Thein nitesimal generator is:

— (10)
Example 1 The generator — generatesthe group of the x-axis trans-
lations:
Example 2 Considering the group of rotations in the plane:
according to eq.(7)
we obtain the in nitesimal generator — —
Example 3 The generator — —, using eq.(7) we obtain the

following system of ordinary differential equations,

which generatesthe group of exponential scalings.



3 The Exponential Chirp Transform (ECT)

We consider here the following two-dimensional log-polar (or complex
logarithmic) transformation which is appropriate to model primate visual
cortex (Rojer and Schwartz, 1990): , Where “a” is a de nite
positive parameter. The transformation between spacescan therefore be
written:

(11)

Our goal is to achieve “shift-invariance”, like that of the usual Fourier
transform, in the log-polar plane. Thus given an image in the domain of
the polar-log mapping , we require a change of variables

so that translations in the original plane will result
only in phasefactors for the following Fourier transform:

(12)

where is the determinant of the Jacobianof the transformation and
and — - . Thefollowing Lie group

will enableusto nd thetwo functions and by solving aset

of partial differential equations (PDE). Theseequations identify the group
of symmetries with respectto simple translations in space. This analysis
follows that of (Ferraro and Caelli, 1988;Rubinstein et al., 1991).

Theoem1. (Olver, 1993)A given smooth function is an in-
variant for a connected one-parameter group of transformations  acting
on a manifold (the condition invariance holds if and

The complex log transformation requiresa branch cut, which is taken in this caseto
divide the plane into two parts ( and . Note that this is identical
to (and in fact was motivated by) the anatomy of the brain: the two sides of this mapping
are in direct correspondencewith the two hemispheres of the brain. The visual cortex,
which is of the form of a complex logarithmic mapping, is divided in this way for sim-
ilar reasons. See(Schwartz, 1994)for discussion of the biological evidence for log-polar
mapping in primate visual cortex.
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,where* ” is the group operation) if and only

(13)

where“ 7 isthe in nitesimal generator of
Proof.The necessityholds since,if is aninvariant then it is a constantfor

— _— —— (14)
by using eq.(10)and eq.(7),with
— (15)
which is clearly zero for .
The condition is suf cient sinceeq.(13)holds for , then
— (16)

which meansthat the function is constant under the action of the one-
parameter connected group , Where eq.(16)is de ned. Then, by
taking two points in and : const ,
i.e. the invariance follows.

A genericin nitesimal generatorunder achangeof coordinates

and inverse transformation , hasthe

form,
(17)
where and are the sameasin eq.(8). The horizontal shift
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in nitesimal generator (seeexample 1), under the logmap transformation
is therefore,

— — (18)

Using eq.(17)the in nitesimal generator for rotation (seeexample 2) is —

and for exponential scaling is —. The logmap transformation, therefore,
changesthe group exponential scalingsand rotations into a group of sim-
ple horizontal and vertical translations.

We are interested in “f” and “g” which satis es the following system of
partial differential equations, expressedby knowing that the generator of
translations in  is the vector (seeexample 1 and eq.(13)),

(19)

It can be veri ed by direct substitution that the previous equation has
a (particular) solution:

(20)

The nal result of this analysisis to write the explicit form of the exponen-
tial chirp transform (ECT), by combining eq.(20)and eq.(12),

(21)

It is important to note here that size and rotation symmetry is provided by the map
only in the limit that . Realistic models of primate anatomy require a
small but nite , soprovide size and rotation scaling at regions larger than this value of

It does not really matter if we use the vector or , it will only differ by a
transposition of the ECT matrix.
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where and — - .
The ECT hasthe following properties:

1. Shift in the domain causesonly a phase changein the complex am-
plitudes of the exponential chirp transform. This transform is done
by using the exponential chirp kernel asin eq.(21),and the warped
image, in the range coordinates.

2. This result may be extended to arbitrary mappings, by setting up
the corresponding PDE, and solving it. In the presentcase,we have
derived it for the classof log-polar mappings of the form

3. This mapping is correctly “foveating”, i.e. space-variant, unlike the
Mellin transform. It thus allows us to exploit the ef ciency of com-
puting in the typically small image sizesthat result from space-variant
imaging systems.

4 Results

Wewill now show some practical examplesof application of the ECT, with
the use of synthetic images of letters. Working in a distorted space,or in
particular coping with a non-uniform sampling, requires special care in
order to avoid aliasing. Basically both kernel and image have to be Iter ed
before the actual integral transformation sothat both would satisfy Shan-
non's sampling theorem. Regions near the fovea which are sampled with
a higher sampling frequencyrequire alessabrupt band-pass Itering than
regionsin the periphery which are sampled much more coarsely. Aliasing
is avoided when the image s Iter ed with aposition-dependent band-pass
Iter before sampling. The images of the letters in Figure 4 form an array
of 256 by 256;the fovea is always centered in the center of the image W|th

; the log-map images are 64 by 26 with parameter ;
therefore the polar log-map introduces a compression factor of approxi-
mately 40. The image of letters was initially lter ed with an anti-aliasing
non-uniform mean- lter . The image was divided into sectorswith expo-
nentially growing radius, and the polar-log representation was given by
taking the averagevalue in every sector.
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Figure 4: Image of two off-center letters (upper-left), and separately cen-
tered (upper-center and right) and their log-map representations(below).

14



Figure 5: Result of matching the letter E (left, the letter F in the right),
using the exponential chirp transform together with a phase-only lter , in
the presenceof the “distractor ” F (left, the letter E on the right).

The kernel of the ECT, in eq.(21),is clearly a complex function in which
the frequency of the real and imaginary part grow exponentially with

Therefore the kernel must be windowed to zero (on the plane) when
it reachestoo high frequency according to the sampling used. This can be
done using an ideal Iter or by using one of the common windows (e.g.
Bartlett, Hamming, Blackman, etc.), but in our examples we used ideal
Iters. Theresultsin gur e 5 show that the ECT is capable of locating a
shifted copy of the letter "F', even in the presenceof the similar-looking
letter "E' and vice-versa. As we saw from the above examples, shift in the
position correspond to changesin the phase of the ECT. A phase-only is
used asa matching algorithm (see(?)). All computations are performed in
log-polar coordinates. A secondexample shows the detection of a shifted
letter F camou aged by white noise, in which we show the robustnessof
the algorithm. The image plane is shown in Figure 6. A phase-only cor-
relator, applied using the ECT for this problem, is shown in Figure 7. The
frequency information presentin the ECT, with uniform sampling in fre-
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Figure 6: Letter F, shifted, in white noise.
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Figure 7: A phase-only applied to ECT of letter “F” in white noise.
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Figure 8: Example of inversion of the ECT by using the inverse Fourier
transform.

guency, can be extracted reconstructing the image using the inverse FFT,
asshown in gur e 8.

5 Conclusions

In the presentpaper, we have shown the solution on how to combine the
space-variantimaging properties of a mapping, such asthe complex log-
arithm, which plays a major role both in biological vision and in real-time
active vision applications, with the properties of the Fourier transform.
We have used Lie Group methods to setup a partial differential equation
whose solution is the kernel which gives us the desired invariance prop-
erties, in the range coordinates of the image warp.

In other work, (?), we have developed a highly optimized algorithm
that allows computation of the ECT with complexity (i.e.
the sameasthe FFT). From the point of view of real-time vision, this al-
lows us to combine the space-efciency of the log-polar mapping with the
convenience of frequency domain template matching and image process-
ing. We have estimated that the ECT can be performed at about 50-100
transforms/second, using a single DSP processor(e.g. TI320C40). This
provides the possibility of performing shift, size and rotation invariant

Sizeand rotation invariance is achieved with the ECT by using alogmap in frequency
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template matching in low-cost machine vision systemsat rates which are
comparable to optically basedtemplate matching! The practical impor -
tance of this work is threefold:

A Space-\ariant Generalization of the Mellin transform is described,
which allows ef cient image processingoperations to be computed
on log-polar image formats. This provides, for the rst time, a pos-
sible reconciliation of the strongly space-variant nature of biological
vision with the properties of global Fourier analysis.

Lie Group methods are outlined which provide a method of gener-
alizing this result to arbitrary space-variant mappings.

Thedif culty of performing ef cient image processingoperations on
space-variantimage architecturesis solved.
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